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a b s t r a c t 

Modeling a fuzzy-in fuzzy-out system where both inputs and outputs are uncertain is of 

practical and theoretical importance. Fuzzy nonlinear regression (FNR) is one of the ap- 

proaches used most widely to model such systems. In this study, we propose the use of 

a Random Weight Network (RWN) to develop a FNR model called FNR RWN , where both 

the inputs and outputs are triangular fuzzy numbers. Unlike existing FNR models based on 

back-propagation (BP) and radial basis function (RBF) networks, FNR RWN does not require 

iterative adjustment of the network weights and biases. Instead, the input layer weights 

and hidden layer biases of FNR RWN are selected randomly. The output layer weights for 

FNR RWN are calculated analytically based on a derived updating rule, which aims to min- 

imize the integrated squared error between α-cut sets that correspond to the predicted 

fuzzy outputs and target fuzzy outputs, respectively. In FNR RWN , the integrated squared 

error is solved approximately by Riemann integral theory. The experimental results show 

that the proposed FNR RWN method can effectively approximate a fuzzy-in fuzzy-out sys- 

tem. FNR RWN obtains better prediction accuracy in a lower computational time compared 

with existing FNR models based on BP and RBF networks. 

© 2016 Elsevier Inc. All rights reserved. 

 

 

 

 

 

 

 

 

 

 

 

1. Introduction 

Fuzzy regression analysis is a powerful method for forecasting the fuzzy outputs of an uncertain system. According to

Wang and Tsaur in their study entitled “Insight of A Fuzzy Regression Model ”, fuzzy regression can be quite useful in estimating

the relationships among variables where the available data are very limited and imprecise, and variables are interacting in an

uncertain, qualitative, and fuzzy way [40] . During recent decades, fuzzy regression has found many applications in various

areas, such as business management, engineering, economics, sociology, and biological science. Fuzzy regression can be

divided into two categories: fuzzy linear regression (FLR) and fuzzy nonlinear regression (FNR). 

FLR was first studied by Tanaka et al. [35] in 1982, who used a fuzzy linear function with crisp inputs, fuzzy outputs, and

fuzzy coefficients to approximate an uncertain system. Subsequently, their FLR model was extended by [35] to handle fuzzy

regression tasks with fuzzy inputs and fuzzy outputs. Improvements were made in two areas: constructing fuzzy linear func-

tions with crisp coefficients [2,7,8,12,20,21] and making fuzzy linear functions with fuzzy coefficients [8,15,30,31,38,42,43,45] .

Linear programming and least squares are used widely to solve the crisp or fuzzy coefficients for FLR models. However, for

a crisp-in fuzzy-out or fuzzy-in fuzzy-out system, the relationship between the inputs and outputs is usually nonlinear in
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many applications, i.e., the fuzzy outputs cannot be expressed simply as the weighted sum of the crisp or fuzzy inputs;

thus, a more sophisticated FNR approach is required. Due to their better capacity for approximating nonlinear functions,

feed-forward neural networks are usually employed for constructing complex FNR models. 

FNR models based on feed-forward neural networks include the following two categories: 

1. Back-propagation (BP) network-based FNR models. In 1992, Ishibuchi and Tanaka [17] proposed an FNR model (FNR BP-I )

that uses two BP networks to fit the upper and lower bounds of interval-valued fuzzy numbers. These two BP networks

with crisp weights and biases are trained using the standard BP algorithm [29] . Both the inputs and outputs of FNR BP-I are

interval-valued fuzzy numbers. In 1993, Ishibuchi and Tanaka proposed another BP network-based FNR model (FNR BP-II )

[18] that handles the FNR problem using crisp inputs and fuzzy outputs. Unlike FNR BP-I , there is only one BP network

in FNR BP-II . The weights and biases in this BP network are interval-valued fuzzy numbers. In 1995, Ishibuchi et al. [19]

proposed the use of a BP network with triangular fuzzy number (TFN) weights to conduct the fuzzy regression analysis

(FNR BP-III ), where the inputs and outputs are interval-valued fuzzy numbers. 

2. Radial basis function (RBF) network-based FNR models. In 2001, Cheng and Lee [6] used an RBF network to design an FNR

model (FNR RBF-I ). In FNR RBF-I , the inputs and centers of the input layer nodes are crisp, whereas the outputs and output

layer weights are TFNs. Compared with previous BP network-based FNR models, FNR RBF-I obtained a faster convergence

rate. A fuzzified RBF network-based FNR model (FNR RBF-II ) was described by Zhang et al. [49] in 2005. In FNR RBF-II , the

inputs, outputs, centers, deviations, and weights are Left–Right (L–R) fuzzy numbers. FNR RBF-II can serve as a universal

function approximation for any continuous fuzzy function defined on a compact set. 

The main problems with these FNR models based on BP and RBF networks include their high training complexity, local

minima, and complex parameter tuning (e.g., learning rate, learning epochs, and stopping criteria). Optimization of the neu-

ral network parameters, e.g., the weights, biases, node centers, and node deviations in FNR BP-I , FNR BP-II , FNR BP-III , FNR RBF-I ,

and FNR RBF-II , is based on gradient descent approaches where the learning speed is relatively slow. Moreover, the gradient-

based methods may readily converge to a local minimum. In addition, there are no widely accepted methods for determining

the optimal learning rate, learning epochs, and stopping criteria for BP and RBF networks at present. Thus, trial-and-error

methods are often used to select these parameters. These methods require large periods of computational time to establish

BP and RBF network-based FNR models. 

Thus, in the present study, we develop a new FNR learning algorithm that is faster with high generalization perfor-

mance, as well as avoiding many of the difficulties that affect the traditional gradient-based FNR models. In contrast to

the conventional training algorithms for BP and RBF networks, Random Weight Networks (RWNs) [3,5,34,51] do not re-

quire iterative adjustments of the network weights and there is no learning parameter to determine. Thus, the training

speed of RWNs can be thousands of times faster than traditional gradient descent algorithms. In addition, the good gen-

eralization capacity of RWNs has been demonstrated in recent studies [3,5,51] . Therefore, we propose a RWN-based FNR

model called FNR RWN in the present study. FNR RWN is a single hidden layer feed-forward neural network, where the in-

puts and outputs are TFNs. The input layer weights and hidden layer biases of FNR RWN are selected randomly. In order

to analytically calculate the output layer weights, we define a new computational paradigm to minimize the integrated

squared error between α-cut sets that correspond to the predicted fuzzy outputs and target fuzzy outputs. Our simula-

tion results indicate that FNR RWN has better generalization performance as well as requiring less training time compared

with FNR BP-III and FNR RBF-II . Overall, our results demonstrate that FNR RWN can effectively approximate a fuzzy-in fuzzy-out

system. 

The remainder of this paper is organized as follows. In Section 2 , we provide a brief introduction to TFNs. In Section 3 ,

we describe the BP network and RBF network-based FNR models. The RWN-based FNR model (FNR RWN ) is presented in

Section 4 . In Section 5 , we report experimental comparisons that demonstrate the feasibility and effectiveness of FNR RWN .

Finally, we give our conclusions and suggestions for further research in Section 6 . 

2. TFNs and their mathematical operations 

2.1. Definition of a TFN 

Definition 1 [13,23] . A fuzzy number A is defined as a fuzzy set on the domain of real numbers � , which satisfies the

following conditions: 

1. ∃ x 0 ∈ � , μA ( x 0 ) = 1 , where μA ( x ) is the membership function of fuzzy set A ; 

2. ∀ α ∈ (0, 1], A α = { x | x ∈ � , μA (x ) ≥ α } is a finite closed interval. 

The TFN A is the most popular fuzzy number, which is represented by two endpoints a 1 and a 3 and one peak-point a 2 

A = (a 1 , a 2 , a 3 ) . 

It can be interpreted as a membership function 
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Table 1 

Data set D where the inputs and outputs of instances are represented by TFNs. 

D Fuzzy inputs Fuzzy outputs 

D 1 X 11 = ( x 111 , x 112 , x 113 ) X 12 = ( x 121 , x 122 , x 123 ) ��� X 1 D = ( x 1 D 1 , x 1 D 2 , x 1 D 3 ) Y 1 = ( y 11 , y 12 , y 13 ) 

D 2 X 21 = ( x 211 , x 212 , x 213 ) X 22 = ( x 221 , x 222 , x 223 ) ��� X 2 D = ( x 2 D 1 , x 2 D 2 , x 2 D 3 ) Y 2 = ( y 21 , y 22 , y 23 ) 

. 

. 

. 

. 

. 

. 

. 

. 

. 
. . . 

. 

. 

. 

. 

. 

. 

D N X N1 = ( x N11 , x N12 , x N13 ) X N2 = ( x N21 , x N22 , x N23 ) · · · X ND = ( x ND 1 , x ND 2 , x ND 3 ) Y N = ( y N1 , y N2 , y N3 ) 

 

 

 

 

 

μA (x ) = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

x − a 1 
a 2 − a 1 

, a 1 ≤ x ≤ a 2 

a 3 − x 

a 3 − a 2 
, a 2 ≤ x ≤ a 3 

0 , x > a 3 or x < a 1 

. (1) 

The α-cut operation on TFN A can generate an α-cut interval 

A α = [ a L , a U ] , 

where a L = αa 2 + ( 1 − α) a 1 and a U = αa 2 + ( 1 − α) a 3 . In this study, we focus on handling the FNR problem on the data set

D , as shown in Table 1 , where each instance is represented as a fuzzy vector with D fuzzy inputs ( X n 1 , X n 2 , . . . , X nD ) and one

fuzzy output Y n , and both X n j ( n = 1 , 2 , . . . , N; j = 1 , 2 , . . . , D ) and Y n are TFNs. 

2.2. Mathematical operations using TFNs 

Some important operations using TFNs are summarized as follows. Assume that there are two TFNs A = (a 1 , a 2 , a 3 ) and

B = (b 1 , b 2 , b 3 ) . 

• Addition: 

A ( + ) B = ( a 1 , a 2 , a 3 ) ( + ) ( b 1 , b 2 , b 3 ) = ( a 1 + b 1 , a 2 + b 2 , a 3 + b 3 ) ; (2) 

• Subtraction: 

A ( −) B = ( a 1 , a 2 , a 3 ) ( −) ( b 1 , b 2 , b 3 ) = ( a 1 − b 3 , a 2 − b 2 , a 3 − b 1 ) ; (3) 

• Multiplication by a real number r : 

r(×) A = r(×)( a 1 , a 2 , a 3 ) = 

{
( ra 1 , ra 2 , ra 3 ) , r ≥ 0 

( ra 3 , ra 2 , ra 1 ) , r < 0 

; (4) 

• Multiplication of A and B : The multiplication operation of two TFNs can be performed by using their α-cut intervals. The

product A ( ×) B is a L-R fuzzy number. From above-mentioned analysis, we know that the α-cut intervals of A and B

are 

A α = [ αa 2 + ( 1 − α) a 1 , αa 2 + ( 1 − α) a 3 ] 

and 

B α = [ αb 2 + ( 1 − α) b 1 , αb 2 + ( 1 − α) b 3 ] , 

respectively. Then, the product of A α and B α is 

A α(×) B α = [ [ αa 2 + ( 1 − α) a 1 ] [ αb 2 + ( 1 − α) b 1 ] , [ αa 2 + ( 1 − α) a 3 ] [ αb 2 + ( 1 − α) b 3 ] ] 

= 

[
γL 1 α

2 + γL 2 α + γL 3 , γU1 α
2 + γU2 α + γU3 

]
, a i , b i > 0 , i = 1 , 2 , 3 , 

where γ L 1 = ( a 2 − a 1 )( b 2 − b 1 ) , γ L 2 = a 1 b 2 + a 2 b 1 − 2 a 1 b 1 , γ L 3 = a 1 b 1 , γ U 1 = ( a 2 − a 3 ) ( b 2 − b 3 ) , γ U 2 = a 3 b 2 + a 2 b 3 −
2 a 3 b 3 , and γ U 3 = a 3 b 3 . Let x = γL 1 α

2 + γL 2 α + γL 3 , we can calculate the left reference function of A ( ×) B 

α = 

−γL 2 + 

√ 

γ 2 
L 2 

− 4 γL 1 ( γL 3 − x ) 

2 γL 1 

≥ 0 , a 1 b 1 ≤ x < a 2 b 2 . 

Similarly, let x = γU1 α
2 + γU2 α + γU3 , we can get the right reference function of A ( ×) B 

α = 

−γU2 −
√ 

γ 2 
U2 

− 4 γU1 ( γU3 − x ) 

2 γU1 

≤ 1 , a 2 b 2 ≤ x ≤ a 3 b 3 . 
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Then, the membership function of A ( ×) B can be represented as 

μA (×) B (x ) = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

−γL 2 + 

√ 

γ 2 
L 2 

− 4 γL 1 ( γL 3 − x ) 

2 γL 1 

, a 1 b 1 ≤ x < a 2 b 2 

−γU2 −
√ 

γ 2 
U2 

− 4 γU1 ( γU3 − x ) 

2 γU1 

, a 2 b 2 ≤ x ≤ a 3 b 3 

(5)

From Eq. (5) , we know that A ( ×) B is not a TFN. 

• Division of A and B : We also use the α-cut intervals of A and B to determine the membership function of A ( ÷) B which is

a L-R fuzzy number. The quotient of A α and B α is 

A α(÷) B α = 

[
αa 2 + ( 1 − α) a 1 
αb 2 + ( 1 − α) b 3 

, 
αa 2 + ( 1 − α) a 3 
αb 2 + ( 1 − α) b 1 

]
, a i , b i > 0 , i = 1 , 2 , 3 . 

Let x = 

αa 2 + ( 1 −α) a 1 
αb 2 + ( 1 −α) b 3 

, we can derive the left reference function of A ( ÷) B 

α = 

b 3 x − a 1 

( a 2 − a 1 ) + ( b 3 − b 2 ) x 
, 

a 1 
b 3 

≤ x < 

a 2 
b 2 

. 

Similarly, let x = 

αa 2 + ( 1 −α) a 3 
αb 2 + ( 1 −α) b 1 

, we can get the right reference function of A ( ÷) B 

α = 

b 1 x − a 3 

( a 2 − a 3 ) + ( b 1 − b 2 ) x 
, 

a 2 
b 2 

≤ x ≤ a 3 
b 1 

. 

Then, the membership function of A ( ÷) B can be expressed as 

μA (÷) B (x ) = 

⎧ ⎪ ⎨ 

⎪ ⎩ 

b 3 x − a 1 

( a 2 − a 1 ) + ( b 3 − b 2 ) x 
, 

a 1 
b 3 

≤ x < 

a 2 
b 2 

b 1 x − a 3 

( a 2 − a 3 ) + ( b 1 − b 2 ) x 
, 

a 2 
b 2 

≤ x ≤ a 3 
b 1 

. (6)

One can see from Eq. (6) that A ( ÷) B is also not a TFN. 

3. FNR analysis 

A FNR model attempts to find the functional relationship between fuzzy inputs X n 1 , X n 2 , . . . , X nD and the fuzzy output Y n ,

i.e., learning an optimal fuzzy function f ∗( • ) that minimizes the total error between the predicted fuzzy outputs and target

fuzzy outputs. This process can be expressed as the following equation: 

f ∗ = arg min 

f 

1 

N 

N ∑ 

n =1 

‖ 

f ( X n 1 , X n 2 , . . . , X nD ) − Y n ‖ 

2 
. (7)

In Eq. (7) , the error between two TFNs A = (a 1 , a 2 , a 3 ) and B = (b 1 , b 2 , b 3 ) is measured as follows [2,7] : 

‖ 

A − B ‖ 

2 = ( a 1 − b 1 ) 
2 + ( a 2 − b 2 ) 

2 + ( a 3 − b 3 ) 
2 
. (8)

Neural networks have the capacity to fit complex nonlinear functions, so they are often selected to construct the fuzzy

function f ( • ) in Eq. (7) , where representative methods include BP network-based FNR (FNR BP-III [19] ) and RBF network-based

FNR (FNR RBF-II [49] ). 

1. FNR BP-III is an improved version of FNR BP-I , which uses a fuzzy BP network to handle the FNR problem with TFN in-

puts and TFN outputs. The weights and biases of the fuzzy BP network in FNR BP-III are symmetric TFNs. Let W ji =
( w ji 1 , w ji 2 , w ji 3 ) denote the weight between the i th (1 ≤ i ≤ D ) input layer node and the j th (1 ≤ j ≤ K ) hidden layer

node, β j = ( β j1 , β j2 , β j3 ) is the weight between the j th hidden layer node and output layer node, b j = ( b j1 , b j2 , b j3 ) is

the bias of the j th hidden layer node, and b 0 = ( b 01 , b 02 , b 03 ) is the bias of output layer node. [ A ] h = [ [ A ] L 
h 
, [ A ] U 

h 
] is the

h -level set of TFN A [19] (i.e., h -cut set, 0 < h ≤ 1). For the n th (1 ≤ n ≤ N ) instance in data set D , the input and output

of the j th hidden layer node are 

[ R j ] h = 

D ∑ 

i =1 

[ X ni ] h [ W ji ] h + [ b j ] h = 

[ 

D ∑ 

i =1 

[
[ X ni ] h [ W ji ] h 

]L + [ b j ] 
L 
h , 

D ∑ 

i =1 

[
[ X ni ] h [ W ji ] h 

]U + [ b j ] 
U 
h 

] 

= 

[
[ R j ] 

L 
h , [ R j ] 

U 
h 

]
(9)

and 

[ H j ] h = g 
[
[ R j ] h 

]
= g 
[
[ R j ] 

L 
h , [ R j ] 

U 
h 

]
= 

[
g 
[
[ R j ] 

L 
h 

]
, g 
[
[ R j ] 

U 
h 

]]
= 

[
[ H j ] 

L 
h , [ H j ] 

U 
h 

]
, (10)
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respectively, where g(u ) = 

1 
1+ e −u is the sigmoid activation function and { [

[ X ni ] h [ W ji ] h 
]L = min 

{
[ X ni ] 

L 
h 
[ W ji ] 

L 
h 
, [ X ni ] 

L 
h 
[ W ji ] 

U 
h 
, [ X ni ] 

U 
h 

[ W ji ] 
L 
h 
, [ X ni ] 

U 
h 

[ W ji ] 
U 
h 

}
[
[ X ni ] h [ W ji ] h 

]U = max 
{

[ X ni ] 
L 
h 
[ W ji ] 

L 
h 
, [ X ni ] 

L 
h 
[ W ji ] 

U 
h 
, [ X ni ] 

U 
h 

[ W ji ] 
L 
h 
, [ X ni ] 

U 
h 

[ W ji ] 
U 
h 

} . 

The predicted output of the fuzzy BP network is 

[ T n ] h = 

K ∑ 

j=1 

[ H j ] h [ β j ] h + [ b 0 ] h = 

[ 

K ∑ 

j=1 

[
[ H j ] h [ β j ] h 

]L + [ b 0 ] 
L 
h , 

K ∑ 

j=1 

[
[ H j ] h [ β j ] h 

]U + [ b 0 ] 
U 
h 

] 

= 

[
[ T n ] 

L 
h , [ T n ] 

U 
h 

]
, (11) 

where { [
[ H j ] h [ β j ] h 

]L = min 

{
[ H j ] 

L 
h 
[ β j ] 

L 
h 
, [ H j ] 

L 
h 
[ β j ] 

U 
h 
, [ H j ] 

U 
h 

[ β j ] 
L 
h 
, [ H j ] 

U 
h 

[ β j ] 
U 
h 

}
[
[ H j ] h [ β j ] h 

]U = max 
{

[ H j ] 
L 
h 
[ β j ] 

L 
h 
, [ H j ] 

L 
h 
[ β j ] 

U 
h 
, [ H j ] 

U 
h 

[ β j ] 
L 
h 
, [ H j ] 

U 
h 

[ β j ] 
U 
h 

} . 

The error between the predicted outputs and target outputs is measured as 

E = 

h 

2 

N ∑ 

n =1 

‖ 

[ T n ] h − [ Y n ] h ‖ 

2 = 

h 

2 

N ∑ 

n =1 

[ [
[ T n ] 

L 
h − [ Y n ] 

L 
h 

]2 + 

[
[ T n ] 

U 
h − [ Y n ] 

U 
h 

]2 
] 
. (12) 

By solving equations ∂E 
∂w ji 1 

= 0 , ∂E 
∂w ji 3 

= 0 , ∂E 
∂β j1 

= 0 , ∂E 
∂β j3 

= 0 , ∂E 
∂b j1 

= 0 , ∂E 
∂b j3 

= 0 , ∂E 
∂b 01 

= 0 , and 

∂E 
∂b 03 

= 0 , Ishibuchi et al. [19]

derived updating rules for the weights W ji , β j and biases b j , b 0 of the fuzzy BP network. 

2. FNR RBF-II uses a fuzzy RBF network to fit the data set with fuzzy inputs and fuzzy outputs, which are L-R fuzzy numbers.

The membership function of L-R fuzzy number ˜ A = ( ̃  a 1 , ̃  a 2 , ̃  a 3 ) is 

μ ˜ A (x ) = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

L 

(
˜ a 2 − x 

˜ a 1 

)
, x ≤ ˜ a 2 , ̃  a 1 > 0 

R 

(
x − ˜ a 2 

˜ a 3 

)
, x ≥ ˜ a 2 , ̃  a 3 > 0 

, 

where L ( • ) and R ( • ) are reference functions [49] . From the definition of TFN in Eq. (1) , we know that TFN is a L-R fuzzy

number and we introduce FNR RBF-II based on the TFN data set D , as shown in Table 1 . The output of the j th (1 ≤ j ≤ K )

hidden layer node in Zhang et al.’s fuzzy RBF network [49] is 

h j ( X n 1 , X n 2 , . . . , X nD ) = exp 

[ 

−
[ 

d 
(
( X n 1 , X n 2 , . . . , X nD ) , C j 

)
σ j 

] ] 

, (13) 

where C j = 

(
C j1 , C j2 , . . . , C jD 

)
is the center of the j th hidden layer node, C ji = 

(
c ji 1 , c ji 2 , . c ji 3 ) (1 ≤ i ≤ D ) is a TFN, σ j is

the deviation of the j th hidden layer node. Note that d 
(
( X n 1 , X n 2 , . . . , X nD ) , C j 

)
, σ j , and h j ( X ) are real numbers, where 

d 
(
( X n 1 , X n 2 , . . . , X nD ) , C j 

)
= 

√ 

D ∑ 

i =1 

[
d 
(
X ni , C ji 

)]2 
. (14) 

The predicted output of the fuzzy RBF network is 

T n = 

K ∑ 

j=1 

R j ( X n 1 , X n 2 , . . . , X nD ) β j , (15) 

where R j ( X n 1 , X n 2 , . . . , X nD ) = 

h j ( X n 1 ,X n 2 , ... ,X nD ) ∑ K 
j=1 h j ( X n 1 ,X n 2 , ... ,X nD ) 

, β j = ( β j1 , β j2 , β j3 ) is the weight between the j th hidden layer node

and the output layer node. The estimated error of the fuzzy RBF network is measured as 

J 2 = 

1 

N 

N ∑ 

n =1 

[ d ( T n , Y n ) ] 
2 
. (16) 

In [49] , Zhang et al. defined the distance between two TFNs A and B as follows: 

d ( A, B ) = 

√ ∫ 1 

0 

[ 
| [ A ] L α − [ B ] L α| 2 + 

∣∣[ A ] U α − [ B ] U α
∣∣2 ] dα, (17) 

where [ [ A ] L α, [ A ] U α] and [ [ B ] L α, [ B ] U α] are α-cut sets (0 < α ≤ 1) of A and B , respectively. C j = (( c j 11 , c j 12 , c j 13 )., ( c j 21 , c j 22 ,

c j 23 ), . . . , .( c jD 1 , c jD 2 , c jD 3 )), σ j , and β j = ( β j1 , β j2 , β j3 ) are adjustable parameters determined by functions of 
∂ J 2 
∂c jil 

= 0

( j = 1 , 2 , . . . , K; i = 1 , 2 , . . . , D ; l = 1 , 2 , 3 ), 
∂ J 2 
∂βl 

= 0 , and 

∂ J 2 
∂σ j 

= 0 . In FNR RBF-II algorithm, C j is selected randomly from the

TFN data set and σ j is determined using a k -nearest neighbor heuristic. 
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4. RWN-based FNR model 

In this section, we first introduce a simple and fast training mechanism for a single hidden layer feed-forward neural

network, i.e., RWN. We then present the RWN-based FNR model called FNR RWN . 

4.1. RWN 

Iterative and time-consuming parameter adjustment is required by the BP and RBF networks proposed in [19,49] , which

generates high computational complexity when constructing FNR models. Thus, a non-iterative approach to train neural

networks and the further development of a FNR model based on the trained network would be of practical and theoretical

significance. There are two non-iterative methods for training neural networks by randomization, i.e., RWNs [3–5,34,51] and

a Random Vector Functional-Link Networks (RVFLNs) [1,16,27,32,33,50,54] . RWNs were originally proposed by Schmidt et al.

in [34] and developed further by Cao et al. [3–5,51] . Pao and Takefuji first introduced RVFLNs in [27] and further investiga-

tions of RVFLNs were provided in [1,16,32,33,50] . One of the main differences between RWNs and RVFLNs is that RWNs lack

direct links from input layer nodes to output layer nodes whereas RVFLNs possess direct links. Given the simplicity of the

network architecture employed, we selected RWN to construct our FNR model. For the data set with the crisp input 

x = 

⎡ 

⎢ ⎢ ⎣ 

x 1 
x 2 
. . . 

x N 

⎤ 

⎥ ⎥ ⎦ 

= 

⎡ 

⎢ ⎢ ⎣ 

x 11 x 12 · · · x 1 D 
x 21 x 22 · · · x 2 D 

. . . 
. . . 

. . . 
. . . 

x N1 x N2 · · · x ND 

⎤ 

⎥ ⎥ ⎦ 

and crisp output 

y = 

⎡ 

⎢ ⎢ ⎣ 

y 1 
y 2 
. . . 

y N 

⎤ 

⎥ ⎥ ⎦ 

, 

the RWN calculates the output layer weights as follows [3–5,34,51] : 

β = H 

† y , (18)

where H † is the Moore–Penrose generalized inverse of the hidden layer output matrix 

H = 

⎡ 

⎢ ⎢ ⎣ 

g ( w 1 x 1 + b 1 ) g ( w 2 x 1 + b 2 ) · · · g ( w K x 1 + b K ) 

g ( w 1 x 2 + b 1 ) g ( w 2 x 2 + b 2 ) · · · g ( w K x 2 + b K ) 
. . . 

. . . 
. . . 

. . . 
g ( w 1 x N + b 1 ) g ( w 2 x N + b 2 ) · · · g ( w K x N + b K ) 

⎤ 

⎥ ⎥ ⎦ 

, (19)

where g(v ) = 

1 
1+ e −v is sigmoid activation function, 

w = 

⎡ 

⎢ ⎢ ⎣ 

w 1 

w 2 

. . . 
w K 

⎤ 

⎥ ⎥ ⎦ 

T 

= 

⎡ 

⎢ ⎢ ⎣ 

w 11 w 21 · · · w K1 

w 12 w 22 · · · w K2 

. . . 
. . . 

. . . 
. . . 

w 1 D w 2 D · · · w KD 

⎤ 

⎥ ⎥ ⎦ 

are the input layer weights, and 

b = 

⎡ 

⎢ ⎢ ⎣ 

b 1 
b 2 
. . . 

b K 

⎤ 

⎥ ⎥ ⎦ 

is the hidden layer bias. w and b in RWNs are considered to be random variables that are selected randomly and indepen-

dently [5] . 

4.2. FNR RWN 

Fig. 1 shows the architecture of the neural network used to construct the RWN-based FNR model called FNR RWN , where

both the inputs and outputs are TFNs. The input layer weights and hidden layer biases of FNR RWN are random numbers

selected from the interval [0, 1]. The crisp output layer weights need to be determined. Next, we described how to use
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Fig. 1. RWN architecture for constructing FNR RWN . [ A ] α = 

[
[ A ] L α, [ A ] U α

]
is α-cut set of TFN A , 0 < α ≤ 1). 

 

 

 

 

 

RWNs to handle the FNR with fuzzy inputs and fuzzy outputs. For the n th (1 < n < N ) instance ( X n 1 , X n 2 , . . . , X nD ) in

Table 1 , the corresponding input and output of the j th (1 < j < K ) hidden layer node are 

R n j = ( r n j1 , r n j2 , r n j3 ) = 

( 

D ∑ 

i =1 

w ji x ni 1 , 

D ∑ 

i =1 

w ji x ni 2 , 

D ∑ 

i =1 

w ji x ni 3 

) 

(20) 

and 

H n j = 

(
h n j1 , h n j2 , h n j3 

)
= 

( 

1 

1 + exp 

(
−r n j1 

) , 1 

1 + exp 

(
−r n j2 

) , 1 

1 + exp 

(
−r n j3 

)
) 

, (21) 

respectively, where the α-cut set of H nj is 

[ H n j ] α = 

[
[ H n j ] 

L 
α, [ H n j ] 

U 
α

]
= 

[ 

1 

1 + exp 

[
−
[
αr n j2 + ( 1 − α) r n j1 

]] , 1 

1 + exp 

[
−
[
αr n j2 + ( 1 − α) r n j3 

]]
] 

. (22) 

Eq. (22) can be derived as follows. After TFN R nj is activated by the sigmoid function, the membership degree function of

H nj is 

μH n j 
(x ) = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

In 

(
x 

1 −x 

)
− r n j1 

r n j2 − r n j1 

, 
1 

exp 

(
−r n j1 

) ≤ x ≤ 1 

exp 

(
−r n j2 

)
r n j3 − In 

(
x 

1 −x 

)
r n j3 − r n j2 

, 
1 

exp 

(
−r n j2 

) ≤ x ≤ 1 

exp 

(
−r n j3 

)
0 , x < 

1 

exp 

(
−r n j1 

) or x > 

1 

exp 

(
−r n j3 

)
, (23) 

where In( • ) is the natural logarithm function. Let 
In 
(

x 
1 −x 

)
−r n j1 

r n j2 −r n j1 
= α. The lower bound of the α-cut set of H nj can be solved as

x = [ H n j ] 
L 
α = 

1 

1 + exp 

[
−
[
αr n j2 + ( 1 − α) r n j1 

]] . (24) 

Similarly, we can obtain the upper bound of the α-cut set of H nj from 

r n j3 −In 
(

x 
1 −x 

)
r n j3 −r n j2 

= α

x = [ H n j ] 
U 
α = 

1 

1 + exp 

[
−
[
αr n j2 + ( 1 − α) r n j3 

]] . (25) 

Then, we can calculate the α-cut set for the predicted output of the RWN corresponding to the fuzzy input ( X n 1 , X n 2 , . . . , X nD )

[ T n ] α = 

[
[ T n ] 

L 
α, [ T n ] 

U 
α

]
= 

[ 

K ∑ 

j=1 

β j [ H n j ] 
L 
α, 

K ∑ 

j=1 

β j [ H n j ] 
U 
α

] 

, β j > 0 for any j. (26) 

It should be noted that β j is unknown and it needs to be determined. We assume that β j > 0 ( j = 1 , 2 , . . . , K) and we use

this assumption as a heuristic to derive the updating rule for the output layer weights β . 
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For a given α, the estimated error between the predicted output [T n ] α and target output [Y n ] α can be measured as 

e n (α) = ‖ 

[ T n ] α − [ Y n ] α‖ 

2 = 

[ 

K ∑ 

j=1 

β j [ H n j ] 
L 
α − [ Y n ] 

L 
α

] 2 

+ 

[ 

K ∑ 

j=1 

β j [ H n j ] 
U 
α − [ Y n ] 

U 
α

] 2 

. (27)

From the perspective of the membership degree function, the estimated error on D n is 

E n = 

∫ 1 

0 

e n (α) dα = 

∫ 1 

0 
‖ 

[ T n ] α − [ Y n ] α‖ 

2 
dα. (28)

Then, the estimated errors on the data set D that correspond to a given α and α ∈ (0, 1] are 

e (α) = 

N ∑ 

n =1 

e n (α) = 

∥∥H 

L 
αβ − Y L α

∥∥2 + 

∥∥H 

U 
αβ − Y U α

∥∥2 
(29)

and 

E = 

N ∑ 

n =1 

E n = 

N ∑ 

n =1 

∫ 1 

0 
‖ 

[ T n ] α − [ Y n ] α‖ 

2 
dα = 

∫ 1 

0 

[ 

N ∑ 

n =1 

‖ 

[ T n ] α − [ Y n ] α‖ 

2 

] 

dα

= 

∫ 1 

0 

∥∥H 

L 
αβ − Y L α

∥∥2 
dα + 

∫ 1 

0 

∥∥H 

U 
αβ − Y U α

∥∥2 
dα

, (30)

respectively, where 

H 

L 
α = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

[ H 11 ] 
L 
α [ H 12 ] 

L 
α · · · [ H 1 K ] 

L 
α

[ H 21 ] 
L 
α [ H 22 ] 

L 
α · · · [ H 2 K ] 

L 
α

. . . 
. . . 

. . . 
. . . 

[ H N1 ] 
L 
α [ H N2 ] 

L 
α · · · [ H NK ] 

L 
α

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

is called the lower bound matrix of the hidden layer output, 

H 

U 
α = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

[ H 11 ] 
U 
α [ H 12 ] 

U 
α · · · [ H 1 K ] 

U 
α

[ H 21 ] 
U 
α [ H 22 ] 

U 
α · · · [ H 2 K ] 

U 
α

. . . 
. . . 

. . . 
. . . 

[ H N1 ] 
U 
α [ H N2 ] 

U 
α · · · [ H NK ] 

U 
α

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

is the upper bound matrix of the hidden layer output, 

Y 

L 
α = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

[ Y 1 ] 
L 
α

[ Y 2 ] 
L 
α

. . . 

[ Y N ] 
L 
α

⎤ 

⎥ ⎥ ⎥ ⎦ 

is the lower bound vector of the target output, and 

Y 

U 
α = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

[ Y 1 ] 
U 
α

[ Y 2 ] 
U 
α

. . . 

[ Y N ] 
U 
α

⎤ 

⎥ ⎥ ⎥ ⎦ 

is the upper bound vector of the target output. FNR RWN selects the β that minimizes the overall estimated error in Eq. (30) .

However, it is difficult to derive the updating rule for β directly from Eq. (30) through the first derivative of E with respect

to β , i.e., solving β from 

dE 
dβ

= 0 . 

Thus, we use the following method to approximately calculate the hidden layer weight of FNR RWN . We assume that there

are M α-cut points: 0 = α0 < α1 < α2 < · · · < αM 

= 1 and αm 

− αm −1 = 

1 
M 

, m = 1 , 2 , . . . , M. The estimated error on the data

set D with respect to these M α-cut points can be calculated as 

E ′ = 

1 

M 

2 

M ∑ 

m =1 

N ∑ 

n =1 

e n ( αm 

) = 

1 

M 

2 

M ∑ 

m =1 

[ ∥∥H 

L 
αm 

β − Y 

L 
αm 

∥∥2 + 

∥∥H 

U 
αm 

β − Y 

U 
αm 

∥∥2 
] 
. (31)
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If we let dE ′ 
dβ

= 0 , the we can obtain 

β = 

[ 

1 

M 

M ∑ 

m =1 

[
H 

L 
αm 

+ H 

U 
αm 

]] † [ 

1 

M 

M ∑ 

m =1 

[
Y 

L 
αm 

+ Y 

U 
αm 

]] 

. (32) 

According to the definition of a Riemann integral, when 

1 
M 

→ 0 , we can derive 

lim 

M→∞ 

1 

M 

M ∑ 

m =1 

[
H 

L 
αm 

+ H 

U 
αm 

]
= 

∫ 1 

0 

(
H 

L 
α + H 

U 
α

)
dα (33) 

and 

lim 

M→∞ 

1 

M 

M ∑ 

m =1 

[
Y 

L 
αm 

+ Y 

U 
αm 

]
= 

∫ 1 

0 

(
Y 

L 
α + Y 

U 
α

)
dα. (34) 

By substituting Eqs. (33) and (34) for the corresponding terms in Eq. (32) , the output layer weight β of FNR RWN can be

expressed as 

β = 

[∫ 1 

0 

(
H 

L 
α + H 

U 
α

)
dα

]† [∫ 1 

0 

(
Y 

L 
α + Y 

U 
α

)
dα

]
, (35) 

where 

∫ 1 

0 

H 

L 
αdα = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

∫ 1 
0 [ H 11 ] 

L 
αdα

∫ 1 
0 [ H 12 ] 

L 
αdα · · · ∫ 1 

0 [ H 1 K ] 
L 
αdα∫ 1 

0 [ H 21 ] 
L 
αdα

∫ 1 
0 [ H 22 ] 

L 
αdα · · · ∫ 1 

0 [ H 2 K ] 
L 
αdα

. . . 
. . . 

. . . 
. . . ∫ 1 

0 [ H N1 ] 
L 
αdα

∫ 1 
0 [ H N2 ] 

L 
αdα · · · ∫ 1 

0 [ H NK ] 
L 
αdα

⎤ 

⎥ ⎥ ⎥ ⎦ 

(36) 

is the definite integral of the lower bound matrix H 

L 
α, 

∫ 1 

0 

H 

U 
αdα = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

∫ 1 
0 [ H 11 ] 

U 
αdα

∫ 1 
0 [ H 12 ] 

U 
αdα · · · ∫ 1 

0 [ H 1 K ] 
U 
αdα∫ 1 

0 [ H 21 ] 
U 
αdα

∫ 1 
0 [ H 22 ] 

U 
αdα · · · ∫ 1 

0 [ H 2 K ] 
U 
αdα

. . . 
. . . 

. . . 
. . . ∫ 1 

0 [ H N1 ] 
U 
αdα

∫ 1 
0 [ H N2 ] 

U 
αdα · · · ∫ 1 

0 [ H NK ] 
U 
αdα

⎤ 

⎥ ⎥ ⎥ ⎦ 

(37) 

is the definite integral of the upper bound matrix H 

U 
α, 

∫ 1 

0 

Y 

L 
αdα = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

∫ 1 
0 [ Y 1 ] 

L 
αdα∫ 1 

0 [ Y 2 ] 
L 
αdα

. . . ∫ 1 
0 [ Y N ] 

L 
αdα

⎤ 

⎥ ⎥ ⎥ ⎦ 

= 

⎡ 

⎢ ⎢ ⎢ ⎣ 

1 
2 ( y 11 + y 12 ) 
1 
2 ( y 21 + y 22 ) 

. . . 
1 
2 ( y N1 + y N2 ) 

⎤ 

⎥ ⎥ ⎥ ⎦ 

(38) 

is the definite integral to the lower bound vector Y 

L 
α, and 

∫ 1 

0 

Y 

U 
αdα = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

∫ 1 
0 [ Y 1 ] 

U 
αdα∫ 1 

0 [ Y 2 ] 
U 
αdα

. . . ∫ 1 
0 [ Y N ] 

U 
αdα

⎤ 

⎥ ⎥ ⎥ ⎦ 

= 

⎡ 

⎢ ⎢ ⎢ ⎣ 

1 
2 ( y 12 + y 13 ) 
1 
2 ( y 22 + y 23 ) 

. . . 
1 
2 ( y N2 + y N3 ) 

⎤ 

⎥ ⎥ ⎥ ⎦ 

(39) 

is the definite integral to the upper bound vector Y 

U 
α . 

The term 

∫ 1 
0 [ H ni ] 

L 
αdα in 

∫ 1 
0 H 

L 
αdα can be calculated as ∫ 1 

0 

[ H ni ] 
L 
αdα = 

∫ 1 

0 

1 

1 + exp 

[
−
[
αr n j2 + ( 1 − α) r n j1 

]]dα

= 

(
r n j2 − r n j1 

)
α + r n j1 + In 

[
1 + exp 

[
−
[(

r n j2 − r n j1 

)
α + r n j1 

]]]
r n j2 − r n j1 

∣∣∣∣∣
1 

0 

= 1 + 

In 

1+exp [ −r n j2 ] 
1+exp [ −r n j1 ] 

r n j2 − r n j1 

. (40) 
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Similarly, the term 

∫ 1 
0 [ H ni ] 

U 
αdα in 

∫ 1 
0 H 

U 
αdα is calculated as 

∫ 1 

0 

[ H ni ] 
U 
αdα = 1 + 

In 

1+exp [ −r n j2 ] 
1+exp [ −r n j3 ] 

r n j2 − r n j3 

. (41)

Thus, the output layer weight β of FNR RWN can be represented as 

β = 

[∫ 1 

0 

(
H 

L 
α + H 

U 
α

)
dα

]† 

⎡ 

⎢ ⎢ ⎢ ⎣ 

1 
2 

y 11 + y 12 + 

1 
2 

y 13 

1 
2 

y 21 + y 22 + 

1 
2 

y 23 

. . . 
1 
2 

y N1 + y N2 + 

1 
2 

y N3 

⎤ 

⎥ ⎥ ⎥ ⎦ 

. (42)

Let H = 

∫ 1 
0 

(
H 

L 
α + H 

U 
α

)
dα and 

Y = 

⎡ 

⎢ ⎢ ⎢ ⎣ 

1 
2 

y 11 + y 12 + 

1 
2 

y 13 

1 
2 

y 21 + y 22 + 

1 
2 

y 23 

. . . 
1 
2 

y N1 + y N2 + 

1 
2 

y N3 

⎤ 

⎥ ⎥ ⎥ ⎦ 

, 

where 

∫ 1 

0 

H 

L 
αdα = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

1 + 

In 
1+ exp ( −r 112 ) 
1+ exp ( −r 111 ) 
r 112 −r 111 

1 + 

In 
1+ exp ( −r 122 ) 
1+ exp ( −r 121 ) 
r 122 −r 121 

· · · 1 + 

In 
1+ exp ( −r 1 K2 ) 
1+ exp ( −r 1 K1 ) 
r 1 K2 −r 1 K1 

1 + 

In 
1+ exp ( −r 212 ) 
1+ exp ( −r 211 ) 
r 212 −r 211 

1 + 

In 
1+ exp ( −r 222 ) 
1+ exp ( −r 221 ) 
r 222 −r 221 

· · · 1 + 

In 
1+ exp ( −r 2 K2 ) 
1+ exp ( −r 2 K1 ) 
r 2 K2 −r 2 K1 

. . . 
. . . 

. . . 
. . . 

1 + 

In 
1+ exp ( −r N12 ) 
1+ exp ( −r N11 ) 
r N12 −r N11 

1 + 

In 
1+ exp ( −r N22 ) 
1+ exp ( −r N21 ) 
r N22 −r N21 

· · · 1 + 

In 
1+ exp ( −r NK2 ) 
1+ exp ( −r NK1 ) 
r NK2 −r NK1 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

(43)

and 

∫ 1 

0 

H 

U 
αdα = 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣ 

1 + 

In 
1+ exp ( −r 112 ) 
1+ exp ( −r 113 ) 
r 112 −r 113 

1 + 

In 
1+ exp ( −r 122 ) 
1+ exp ( −r 123 ) 
r 122 −r 123 

· · · 1 + 

In 
1+ exp ( −r 1 K2 ) 
1+ exp ( −r 1 K3 ) 
r 1 K2 −r 1 K3 

1 + 

In 
1+ exp ( −r 212 ) 
1+ exp ( −r 213 ) 
r 212 −r 213 

1 + 

In 
1+ exp ( −r 222 ) 
1+ exp ( −r 223 ) 
r 222 −r 223 

· · · 1 + 

In 
1+ exp ( −r 2 K2 ) 
1+ exp ( −r 2 K3 ) 
r 2 K2 −r 2 K3 

. . . 
. . . 

. . . 
. . . 

1 + 

In 
1+ exp ( −r N12 ) 
1+ exp ( −r N13 ) 
r N12 −r N13 

1 + 

In 
1+ exp ( −r N22 ) 
1+ exp ( −r N23 ) 
r N22 −r N23 

· · · 1 + 

In 
1+ exp ( −r NK2 ) 
1+ exp ( −r NK3 ) 
r NK2 −r NK3 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦ 

. (44)

H 

† 
N×K 

denotes the Moore–Penrose generalized inverse of the matrix H = 

∫ 1 
0 

(
H 

L 
α + H 

U 
α

)
dα. FNR RWN uses the orthogonal pro-

jection method to calculate H 

† 
N×K 

as 

H 

† = 

{
( H 

T 
H + CI K×K ) 

−1 
H 

T , if N ≥ K 

H 

T ( HH 

T + CI N×N ) 
−1 , if N < K 

, (45)

where C > 0 is a regularization factor and I is the identity matrix. According to ridge regression theory [14] , the role of C is

to reduce the likelihood that H 

T 
H or HH 

T becomes a singular matrix. 

Thus, we have derived the updating formula for the output layer weight of RWN in our fuzzy regression model FNR RWN .

For an unseen fuzzy vector 

( X 1 , X 2 , . . . , X D ) = ( ( x 11 , x 12 , x 13 ) , ( x 21 , x 22 , x 23 ) , . . . , ( x D 1 , x D 2 , x D 3 ) ) , 

the α-cut set of the predicted fuzzy output with FNR RWN can be calculated as 

[ T ] α = 

[[
[ H 1 ] 

L 
α, [ H 1 ] 

U 
α

]
, 
[
[ H 2 ] 

L 
α, [ H 2 ] 

U 
α

]
, . . . , 

[
[ H K ] 

L 
α, [ H K ] 

U 
α

]]
β, (46)

where 

[
[ H j ] 

L 
α, [ H j ] 

U 
α

]
= 

[ 

1 

1 + exp 

[
−
[
αr j2 + ( 1 − α) r j1 

]] , 1 

1 + exp 

[
−
[
αr j2 + ( 1 − α) r j3 

]]
] 

(47)

and 

(
r j1 , r j2 , r j3 

)
= 

( 

D ∑ 

i =1 

w ji x i 1 , 

D ∑ 

i =1 

w ji x i 2 , 

D ∑ 

i =1 

w ji x i 3 

) 

(48)
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Table 2 

Details of the 12 data sets. 

Data set Number of inputs Number of instances Source 

Concrete compressive strength 8 1030 KEEL 

Daily Electricity Energy (DEE) 6 365 KEEL 

Electrical-maintenance (Ele-2) 4 1056 KEEL 

Energy efficiency 8 768 UCI 

Friedman 5 1200 KEEL 

Housing 14 506 UCI 

Laser generated 4 993 KEEL 

Mortgage 15 1049 KEEL 

Stock prices 9 950 KEEL 

Treasury 15 1049 KEEL 

Weather Ankara 9 1609 KEEL 

Weather Izmir 9 1461 KEEL 

 

 

 

 

 

 

 

 

 

 

 

 

 

for any j ∈ { 1 , 2 , . . . , K } . It should be noted that β in Eq. (46) is derived based on the assumption that β j > 0, j = 1 , 2 , . . . , K.

In fact, the true calculation of β should always include the negative component, i.e., ∃ j ∈ { 1 , 2 , . . . , K } , β j < 0, which will

lead to [ T ] L α > [ T ] U α . In this case, we refer to the study by Ishibuchi et al. [19] and use the following heuristics to adjust the

predicted fuzzy output: 

[ T ] L α = min 

{ 

K ∑ 

j=1 

[ H j ] 
L 
αβ j , 

K ∑ 

j=1 

[ H j ] 
U 
αβ j 

} 

and [ T ] U α = max 

{ 

K ∑ 

j=1 

[ H j ] 
L 
αβ j , 

K ∑ 

j=1 

[ H j ] 
U 
αβ j 

} 

. 

5. Experimental comparisons 

In this section, we compare the regression performance of FNR RWN with two existing FNR models, i.e., BP network-based

FNR (FNR BP-III [19] ) and RBF network-based FNR (FNR RBF-II [49] ). FNR BP-III , FNR RBF-II , and FNR RWN were implemented on a

Thinkpad SL410K PC with Windows 8 running on a Pentium Dual-core T4400 2.20 GHz processor with 4 GB RAM. In our

experiments, the estimated errors corresponding to a given α and whole interval (0, 1] were measured with Eqs. (29) and

(31) , respectively. In order to measure the overall error on interval (0, 1], we set α from 0.0 0 01 to 1 with a step of 0.0 0 01. 

5.1. Fuzzification of crisp numbers 

In previous studies, the dimensions of the fuzzy input data used in experimental comparisons were usually low, e.g.,

a one-dimensional fuzzy input for FNR BP-III [19] and a two-dimensional fuzzy input for FNR RBF-II [49] . These types of data

sets are insufficient to validate the approximation capacity of neural network-based fuzzy regression models to establish the

nonlinear relationship between fuzzy inputs and fuzzy outputs. Therefore, in this study, we selected 2 UCI 1 and 10 KEEL 2 

regression data sets containing at least four inputs to compare the performance of FNR BP-III , FNR RBF-II , and FNR RWN . The

details of these 12 data sets are summarized in Table 2 . 

However, the inputs and one crisp output of these data sets are all crisp; thus, we give a new fuzzification method to

transform the crisp number into TFN in this section. Assume that there is a real number data set 

Data real = 

⎡ 

⎢ ⎢ ⎣ 

m 1 

m 2 

. . . 
m N 

⎤ 

⎥ ⎥ ⎦ 

, 

m i ∈ � , i = 1 , 2 , . . . , N. The objective of our fuzzification method is to obtain a TFN data set 

Data TFN = 

⎡ 

⎢ ⎢ ⎣ 

( l 1 , m 1 , r 1 ) 

( l 2 , m 2 , r 2 ) 
. . . 

( l N , m N , r N ) 

⎤ 

⎥ ⎥ ⎦ 

, 

where ( l i , m i , r i ) is a TFN, and l i and r i are the left and right endpoints of the TFN, respectively. For simplicity, we assume

that m 1 ≤ m 2 ≤ ��� ≤ m N and Data real obey a normal distribution of 

p(m ) = 

1 √ 

2 πσ
exp 

[
−1 

2 

(
m − μ

σ

)2 
]
, (49) 
1 http://archive.ics.uci.edu/ml/datasets.html 
2 http://sci2s.ugr.es/keel/datasets.php 

http://archive.ics.uci.edu/ml/datasets.html
http://sci2s.ugr.es/keel/datasets.php
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Fig. 2. Explanation of Eq. (50) : l i and r i are two endpoints that make the squares of l ′ 
i 
- l i - m i - m 

′ 
i 

and m 

′ 
i 
- m i - r i - r 

′ 
i 

equal. 

Fig. 3. Impact of ρ on fuzzification, where Data real = { −2.306, −1.535, −1.374, −1.345, −1.209, −0.909, −0.839, −0.406, −0.209, 0.020, 0.033, 0.221, 0.376, 

0.391, 0.756, 1.320, 1.381, 1.482, 1.789, 1.870}. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

where μ = 

∑ N 
i =1 m i 

N and σ 2 = 

∑ N 
i =1 ( m i −μ) 

2 

N are the mean value and variance of Data real , respectively. l i and r i can be deter-

mined by the following expression: 

P { l i < m ≤ m i } = P { m i < m ≤ r i } = ρ, (50)

where ρ is a pre-defined parameter. A direct explanation of Eq. (50) is given in Fig. 2 , which shows that l i and r i are two

endpoints that make the squares of l ′ 
i 
- l i - m i - m 

′ 
i 

and m 

′ 
i 
- m i - r i - r 

′ 
i 

equal. ρ usually affects the fuzzification on m i . We provide

a specific example to demonstrate this impact. We randomly generated 10 real numbers that followed a standard normal

distribution and we then used three different ρ values (i.e., 0.01, 0.05 and 0.1) to conduct fuzzification. The TFNs obtained

are presented in Fig. 3 , which indicates that as ρ increases, the distance between l i and r i becomes larger. In addition, a

higher value of ρ increases the possibility that different values of m i have the same l i or r i , which is shown clearly in the

third plot in Fig. 3 . Thus, we decided to select a smaller ρ for use in applications. In this study, we let ρ = 0 . 05 . For a given

data set, the crisp inputs and outputs were first normalized on the interval [ −1 , 1] and then fuzzified using the approach

described above. 

5.2. Impacts of the regularization factor C and the number of hidden layer nodes K on the performance of FNR RWN 

Our proposed FNR RWN method has two parameters that need to be determined by users, i.e., C in Eq. (45) and the

number of hidden layer nodes K in the RWN. Using the DEE , Housing , Mortgage , and Treasury data sets, we tested the overall

training and testing errors for FNR RWN with respect to 400 different pairs of ( C , K ), where C = 

{
2 −9 , 2 −8 , . . . , 2 9 , .2 10 }

and K = {10, . 20, . . . , 190, .200}. The input layer weights and hidden layer biases of FNR RWN were initialized with random

numbers from a uniform distribution over the interval [0, 1]. For any given parameter pair of ( C , K ), the estimated error was

obtained based on a 10-times 10-fold cross-validation procedure [22,25,26,48,52,53] . Fig. 4 shows the influence of different

user-specified parameters on the regression performance with FNR RWN . In order to more clearly illustrate the variations in

the estimated errors with changes in C and K , Fig. 5 shows the two-dimensional learning curves for FNR RWN on the Energy ,

Stock , Weather Ankara , and Weather Izmir data sets. This figure shows that: (1) as K increases, the training and testing errors

of FNR RWN gradually decrease; and (2) a smaller value for C usually leads to a lower estimated error and a faster convergence

speed. The first observation demonstrates that our proposed FNR RWN method is convergent, i.e., when K → + ∞ , E → 0 for

any given C . This indicates that FNR RWN has a good approximation capability. The second observation provides a primary

parameter selection criterion for the regularization factor C in applications, i.e., a small C is more favorable. In addition, our

proposed FNR RWN method effectively controls the over-fitting, i.e., the training and testing errors all decrease as the number

of hidden layer nodes increases. 
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Fig. 4. Impact of parameter pair ( C , K ) on the training and testing errors of FNR RWN using four representative data sets. The initialization interval for 

random weights and biases was [0, 1]. 

Fig. 5. Convergence of FNR RWN with changes in the parameters C and K using four representative data sets. The initialization interval for the random 

weights and biases was [0, 1]. 
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Fig. 6. Impact of different initialization intervals on the training and testing errors of FNR RWN using four representative data sets. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.3. Impacts of different initialization intervals on the performance of FNR RWN 

In this experiment, we tested the impact of different initialization intervals on the overall training and testing errors of

FNR RWN . The initialization interval in this experiment was [0, Upper endpoint], where Upper endpoint = {1, 2, . . . , 19, 20}.

Thus, the input layer weights and hidden layer biases of FNR RWN were random numbers that followed a uniform distribution

over the interval [0, Upper endpoint]. The regularization factors on the DEE , Housing , Mortgage , and Treasury data sets were

all C = 2 0 . Fig. 6 shows the training and testing errors corresponding to 400 different pairs of (Upper endpoint, K ), where

K = {10, . 20, . . . , 190, .200}. In order to more clearly illustrate the variations in the estimated errors with changes in the

upper endpoint of the initialization interval, Fig. 7 shows the two-dimensional learning curves for FNR RWN on the Energy ,

Stock , Weather Ankara , and Weather Izmir data sets. This figure shows that the training and testing errors of FNR RWN grad-

ually increase as the width of the initialization interval increases. A smaller initialization interval, i.e., [0, 1], leads to lower

training and testing errors. In addition, the initialization intervals with a smaller width make the predictions more stable

with FNR RWN , e.g., the black lines in Fig. 7 are smoother. 

5.4. Comparisons of FNR BP-III , FNR RBF-II , and FNR RWN 

We compared the training errors, testing errors, training times, and testing times with FNR BP-III , FNR RBF-II , and FNR RWN

using different values for α, i.e., α = 0 . 1 , 0.3, 0.5, 0.7, and 0.9, respectively. A 10-times 10-fold cross-validation procedure

was also used in this experimental comparison. The experimental parameters were set as follows. 

1. For the BP network in FNR BP-III , the input layer weights, hidden layer biases, and output layer weights were initialized

with random numbers that followed a uniform distribution over the interval [0, 1], where the number of hidden layer

nodes was 100, the maximum iteration number was 10 0 0, the learning constant was 0.01, the momentum constant was

0.9, and the training error threshold was 0.001. 

2. For the RBF network in FNR RBF-II , the center of the RBF was selected randomly for training the TFN inputs, where the

output layer weights were initialized with random numbers that followed a uniform distribution over the interval [0, 1],

the number of hidden layer nodes was 100, the maximum epoch number was 10 0 0, and the learning constant was 0.01.

3. For the RWN in FNR RWN , we set the regularization factor as C = 2 −9 and the initialization interval was [0, 1] based on

the experimental results described in Sections 5.2 and 5.3 . The number of hidden layer nodes in the RWN was K = 10 . 

Table 3 and 4 compare the results obtained in terms of the errors and times, respectively. These experimental results

shows that FNR clearly obtained smaller training and testing errors on the 10 data sets for given values of C = 2 −9 and
RWN 
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Table 3 

Training and testing errors (mean × 10 −2 ± standard deviation × 10 −2 ) for FNR BP-III , FNR RBF-II , and FNR RWN . 

FNR BP-III FNR RBF-II FNR RWN 

α = 0 . 1 α = 0 . 3 α = 0 . 5 α = 0 . 7 α = 0 . 9 α = 0 . 1 α = 0 . 3 α = 0 . 5 α = 0 . 7 α = 0 . 9 α = 0 . 1 α = 0 . 3 α = 0 . 5 α = 0 . 7 α = 0 . 9 

Training 1 16.74 ± 0.39 11.03 ± 0.10 10.62 ± 0.17 8.91 ± 0.05 14.26 ± 0.02 9.10 ± 0.00 8.26 ± 0.00 7.55 ± 0.00 6.96 ± 0.00 6.50 ± 0.00 7.39 ± 0.53 5.28 ± 0.26 4.13 ± 0.08 3.30 ± 0.06 2.83 ± 0.06 

error 2 12.66 ± 0.15 8.47 ± 0.04 6.86 ± 0.13 9.70 ± 0.06 11.80 ± 0.05 4.62 ± 0.00 4.11 ± 0.00 3.70 ± 0.00 3.39 ± 0.00 3.18 ± 0.00 3.63 ± 0.07 2.84 ± 0.03 2.30 ± 0.01 1.90 ± 0.01 1.65 ± 0.02 

3 11.10 ± 0.04 7.03 ± 0.15 4.80 ± 0.13 5.65 ± 0.13 9.42 ± 0.34 2.29 ± 0.00 2.18 ± 0.00 2.11 ± 0.00 2.09 ± 0.00 2.12 ± 0.00 0.74 ± 0.02 0.34 ± 0.01 0.17 ± 0.00 0.09 ± 0.00 0.08 ± 0.00 

4 17.85 ± 1.10 10.35 ± 1.18 7.84 ± 0.63 11.44 ± 0.23 14.52 ± 0.81 3.60 ± 0.00 2.96 ± 0.00 2.44 ± 0.00 2.04 ± 0.00 1.76 ± 0.00 12.97 ± 3.12 8.41 ± 1.40 4.13 ± 0.61 2.34 ± 0.25 1.41 ± 0.05 

5 19.19 ± 0.03 13.30 ± 0.01 12.49 ± 0.01 15.23 ± 0.05 25.27 ± 0.01 5.13 ± 0.00 4.60 ± 0.00 4.17 ± 0.00 3.83 ± 0.00 3.60 ± 0.00 4.17 ± 0.07 3.18 ± 0.03 2.49 ± 0.04 2.03 ± 0.04 1.77 ± 0.04 

6 12.86 ± 0.17 9.10 ± 0.26 7.91 ± 0.52 6.30 ± 0.13 11.07 ± 0.29 5.21 ± 0.00 4.83 ± 0.00 4.52 ± 0.00 4.31 ± 0.00 4.18 ± 0.00 8.20 ± 0.50 6.13 ± 0.26 4.81 ± 0.20 3.86 ± 0.18 3.39 ± 0.25 

7 8.88 ± 0.74 6.09 ± 0.20 5.69 ± 0.06 4.07 ± 0.06 8.36 ± 0.02 5.40 ± 0.00 5.04 ± 0.00 4.75 ± 0.00 4.53 ± 0.00 4.39 ± 0.00 4.49 ± 0.54 2.61 ± 0.31 1.63 ± 0.10 1.02 ± 0.04 0.75 ± 0.05 

8 3.52 ± 0.20 2.48 ± 0.17 2.03 ± 0.05 1.53 ± 0.13 3.19 ± 0.65 0.78 ± 0.00 0.74 ± 0.00 0.71 ± 0.00 0.70 ± 0.00 0.71 ± 0.00 6.15 ± 0.62 3.73 ± 0.22 2.09 ± 0.22 1.08 ± 0.12 0.74 ± 0.05 

9 6.90 ± 0.75 5.89 ± 0.72 5.13 ± 0.85 5.08 ± 0.67 7.32 ± 0.22 4.45 ± 0.00 4.11 ± 0.00 3.85 ± 0.00 3.68 ± 0.00 3.60 ± 0.00 8.14 ± 0.53 5.37 ± 0.26 3.65 ± 0.16 2.81 ± 0.13 2.35 ± 0.14 

10 4.77 ± 0.19 2.91 ± 0.01 2.53 ± 0.08 2.81 ± 0.16 3.28 ± 0.05 0.54 ± 0.00 0.52 ± 0.00 0.52 ± 0.00 0.53 ± 0.00 0.56 ± 0.00 4.67 ± 0.37 3.01 ± 0.42 1.83 ± 0.22 1.05 ± 0.13 0.71 ± 0.11 

11 10.78 ± 1.12 6.98 ± 1.17 6.30 ± 0.43 6.82 ± 0.41 6.36 ± 0.21 3.33 ± 0.00 3.12 ± 0.00 2.96 ± 0.00 2.83 ± 0.00 2.74 ± 0.00 2.55 ± 0.25 1.53 ± 0.19 1.08 ± 0.13 0.80 ± 0.09 0.63 ± 0.07 

12 9.08 ± 0.84 6.83 ± 0.42 5.45 ± 0.97 5.16 ± 0.10 5.82 ± 0.62 4.12 ± 0.00 3.83 ± 0.00 3.59 ± 0.00 3.41 ± 0.00 3.28 ± 0.00 1.88 ± 0.19 1.23 ± 0.23 0.80 ± 0.06 0.55 ± 0.07 0.47 ± 0.06 

Testing 1 21.57 ± 0.20 12.32 ± 0.10 11.69 ± 0.10 9.97 ± 0.00 16.56 ± 0.09 9.30 ± 0.02 8.43 ± 0.02 7.69 ± 0.01 7.08 ± 0.01 6.59 ± 0.01 7.69 ± 0.52 5.51 ± 0.27 4.36 ± 0.12 3.43 ± 0.11 2.94 ± 0.09 

error 2 18.88 ± 0.25 12.28 ± 0.18 9.34 ± 0.16 14.70 ± 0.11 13.60 ± 0.15 4.87 ± 0.02 4.30 ± 0.03 3.86 ± 0.01 3.51 ± 0.02 3.28 ± 0.02 4.11 ± 0.21 3.23 ± 0.12 2.58 ± 0.08 2.15 ± 0.03 1.85 ± 0.05 

3 12.20 ± 0.16 9.25 ± 0.12 6.01 ± 0.07 6.70 ± 0.06 9.36 ± 0.23 2.34 ± 0.00 2.22 ± 0.01 2.14 ± 0.00 2.12 ± 0.00 2.15 ± 0.01 0.80 ± 0.03 0.37 ± 0.02 0.18 ± 0.01 0.10 ± 0.00 0.08 ± 0.01 

4 19.64 ± 0.11 12.68 ± 0.30 8.51 ± 0.12 13.32 ± 0.14 15.90 ± 0.32 3.82 ± 0.01 3.13 ± 0.02 2.57 ± 0.01 2.14 ± 0.01 1.84 ± 0.01 13.29 ± 2.46 8.81 ± 1.74 4.22 ± 0.64 2.39 ± 0.24 1.46 ± 0.05 

5 24.14 ± 0.06 14.58 ± 0.05 14.62 ± 0.01 16.56 ± 0.03 27.19 ± 0.01 5.33 ± 0.01 4.76 ± 0.01 4.28 ± 0.01 3.91 ± 0.01 3.65 ± 0.01 4.28 ± 0.15 3.23 ± 0.09 2.53 ± 0.05 2.07 ± 0.05 1.78 ± 0.06 

6 14.99 ± 0.21 10.12 ± 0.13 10.96 ± 0.27 9.13 ± 0.86 20.49 ± 0.36 5.72 ± 0.06 5.25 ± 0.06 4.94 ± 0.03 4.67 ± 0.03 4.55 ± 0.08 8.57 ± 0.68 6.31 ± 0.32 5.07 ± 0.35 4.04 ± 0.20 3.54 ± 0.31 

7 10.16 ± 0.21 6.16 ± 0.19 6.17 ± 0.19 6.39 ± 0.23 8.85 ± 0.19 5.44 ± 0.01 5.07 ± 0.01 4.78 ± 0.01 4.55 ± 0.01 4.41 ± 0.01 4.55 ± 0.45 2.65 ± 0.34 1.71 ± 0.12 1.09 ± 0.07 0.79 ± 0.04 

8 3.62 ± 1.37 2.69 ± 0.40 2.04 ± 0.06 1.60 ± 0.24 3.33 ± 0.47 0.81 ± 0.00 0.76 ± 0.00 0.73 ± 0.00 0.71 ± 0.00 0.72 ± 0.00 6.37 ± 0.78 3.84 ± 0.19 2.16 ± 0.26 1.09 ± 0.15 0.76 ± 0.07 

9 8.04 ± 0.60 5.99 ± 0.00 5.92 ± 0.16 4.87 ± 0.10 7.92 ± 0.15 4.53 ± 0.01 4.18 ± 0.01 3.91 ± 0.01 3.74 ± 0.01 3.65 ± 0.01 8.38 ± 0.50 5.32 ± 0.38 3.74 ± 0.15 2.86 ± 0.14 2.42 ± 0.18 

10 4.75 ± 0.17 3.06 ± 0.45 2.57 ± 0.10 2.81 ± 0.16 3.54 ± 0.11 0.55 ± 0.00 0.53 ± 0.00 0.53 ± 0.00 0.54 ± 0.00 0.57 ± 0.00 4.58 ± 0.46 3.11 ± 0.43 1.81 ± 0.24 1.07 ± 0.14 0.71 ± 0.10 

11 15.19 ± 0.38 10.80 ± 2.55 10.40 ± 0.42 13.42 ± 8.46 10.26 ± 1.92 3.59 ± 0.02 3.33 ± 0.02 3.12 ± 0.02 2.95 ± 0.01 2.83 ± 0.01 2.68 ± 0.26 1.73 ± 0.31 1.23 ± 0.17 0.88 ± 0.15 0.67 ± 0.07 

12 10.87 ± 3.36 8.18 ± 1.19 6.06 ± 2.01 5.13 ± 0.13 7.03 ± 0.76 4.16 ± 0.00 3.87 ± 0.00 3.62 ± 0.00 3.43 ± 0.00 3.30 ± 0.00 1.95 ± 0.26 1.25 ± 0.27 0.82 ± 0.06 0.57 ± 0.07 0.48 ± 0.06 
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Table 4 

Training and testing times (seconds) for FNR BP-III , FNR RBF-II , and FNR RWN . 

FNR BP-III FNR RBF-II FNR RWN 

α = 0 . 1 α = 0 . 3 α = 0 . 5 α = 0 . 7 α = 0 . 9 α = 0 . 1 α = 0 . 3 α = 0 . 5 α = 0 . 7 α = 0 . 9 α = 0 . 1 α = 0 . 3 α = 0 . 5 α = 0 . 7 α = 0 . 9 

Training time 1 72 .44531 69 .48438 67 .57813 66 .12500 66 .89063 1 .51969 1 .53391 1 .49234 1 .53563 1 .54625 0 .12984 0 .12250 0 .12609 0 .14594 0 .13734 

2 50 .07813 48 .99219 48 .14063 46 .70313 47 .09375 0 .28844 0 .28922 0 .27797 0 .27531 0 .27297 0 .01594 0 .01609 0 .01578 0 .01609 0 .01578 

3 66 .07031 66 .27344 65 .42188 66 .07031 65 .82813 1 .21719 1 .21234 1 .21203 1 .21313 1 .21109 0 .14047 0 .14438 0 .14516 0 .14516 0 .14266 

4 60 .70313 59 .89844 57 .05469 56 .82031 57 .17969 0 .90844 0 .98531 1 .04906 1 .03594 1 .05672 0 .08437 0 .07531 0 .07125 0 .07750 0 .08594 

5 67 .52344 67 .53906 67 .43750 67 .96875 68 .98438 2 .16406 2 .33344 2 .56125 2 .39687 2 .27250 0 .09094 0 .09094 0 .09016 0 .10594 0 .10422 

6 49 .77344 49 .04688 49 .38281 49 .20313 50 .0 0 0 0 0 0 .67125 0 .58688 0 .61641 0 .68344 0 .68031 0 .01781 0 .01547 0 .01531 0 .01906 0 .01688 

7 66 .07031 65 .18750 63 .96875 64 .64063 63 .67188 1 .28766 1 .28875 1 .28609 1 .30625 1 .29391 0 .05281 0 .05234 0 .05328 0 .05172 0 .05078 

8 69 .52344 66 .29688 68 .01563 65 .19531 66 .250 0 0 2 .17266 2 .13844 2 .19078 2 .18438 2 .19375 0 .05922 0 .05922 0 .05891 0 .06125 0 .06062 

9 64 .14063 62 .28906 62 .34375 62 .23438 62 .12500 1 .59484 1 .71203 1 .77031 1 .56969 1 .66031 0 .04453 0 .04016 0 .04281 0 .04328 0 .04266 

10 69 .24219 67 .17188 63 .95313 65 .750 0 0 67 .05469 2 .53672 2 .39125 2 .13406 2 .14063 2 .13797 0 .06719 0 .06828 0 .07031 0 .06453 0 .06922 

11 48 .02344 47 .10938 47 .21875 44 .95313 45 .88281 0 .26359 0 .26266 0 .26063 0 .26437 0 .31047 0 .00719 0 .00797 0 .00703 0 .00656 0 .00672 

12 90 .67969 85 .08594 84 .23438 82 .06250 82 .85938 3 .42797 3 .34719 3 .36016 3 .32969 3 .38891 0 .14766 0 .14328 0 .15594 0 .18078 0 .14219 

Testing time 1 0 .07813 0 .06250 0 .03125 0 .06250 0 .04688 0 .16813 0 .16531 0 .15891 0 .16563 0 .16422 0 .00125 0 .00219 0 .00109 0 .00156 0 .00172 

2 0 .03906 0 .03125 0 .03906 0 .03125 0 .05469 0 .03203 0 .04625 0 .04375 0 .04234 0 .04250 0 .0 0 078 0 .0 0 047 0 .0 0 063 0 .0 0 063 0 .0 0 063 

3 0 .04688 0 .05469 0 .03906 0 .04688 0 .07031 0 .12984 0 .12984 0 .12906 0 .12750 0 .13094 0 .00203 0 .00172 0 .00141 0 .00266 0 .00203 

4 0 .0625 0 .03125 0 .03125 0 .04688 0 .03125 0 .09703 0 .10906 0 .11234 0 .10750 0 .11719 0 .00172 0 .00109 0 .00109 0 .00125 0 .00125 

5 0 .03125 0 .04688 0 .03125 0 .0625 0 .03125 0 .23344 0 .24859 0 .26828 0 .25250 0 .24188 0 .00156 0 .00125 0 .00172 0 .00234 0 .00281 

6 0 .02344 0 .03125 0 .04688 0 .03125 0 .04688 0 .06562 0 .05828 0 .05891 0 .06688 0 .06406 0 .0 0 063 0 .0 0 047 0 .0 0 063 0 .0 0 031 0 .0 0 031 

7 0 .05469 0 .06250 0 .03125 0 .06250 0 .04688 0 .13594 0 .13578 0 .13719 0 .14016 0 .13656 0 .00109 0 .00141 0 .00109 0 .0 0 078 0 .0 0 094 

8 0 .05469 0 .03906 0 .05469 0 .03125 0 .03125 0 .22906 0 .23109 0 .23328 0 .23563 0 .23266 0 .00125 0 .00156 0 .0 0 094 0 .00172 0 .0 0 094 

9 0 .04688 0 .03906 0 .03906 0 .03125 0 .03125 0 .16672 0 .18156 0 .18500 0 .16703 0 .17047 0 .0 0 094 0 .0 0 063 0 .0 0 094 0 .0 0 078 0 .00125 

10 0 .05469 0 .03906 0 .02344 0 .05469 0 .03906 0 .26656 0 .25156 0 .22859 0 .22922 0 .22969 0 .00125 0 .0 0 078 0 .0 0 078 0 .0 0 063 0 .00109 

11 0 .03906 0 .03125 0 .03125 0 .03125 0 .03125 0 .02688 0 .02688 0 .02719 0 .0275 0 .03313 0 .0 0 031 0 .0 0 047 0 .0 0 031 0 .0 0 031 0 .0 0 047 

12 0 .05469 0 .03125 0 .03906 0 .03125 0 .07813 0 .36641 0 .35859 0 .35891 0 .35547 0 .36188 0 .00203 0 .00203 0 .00266 0 .00172 0 .00188 
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Fig. 7. Convergence of FNR RWN with changes in the parameters of the upper endpoint and K using four representative data sets. The regularization factor 

was C = 2 0 . 

 

 

 

 

 

 

 

K = 10 . In addition, FNR RWN could learn thousands of times faster than FNR BP-III and hundreds of times faster than FNR RBF-II .

This indicates that our proposed FNR RWN method is effective and efficient. According to these experimental results, we

can summarize the advantages of FNR RWN as follows: a simpler network architecture (only 10 hidden layer nodes), fewer

learning parameters ( C and K ), faster training speed (less than 1 s), and better forecasting performance (smaller training and

testing errors). 

In addition, we found that FNR RWN obtained better fits to the larger α-cut set of the TFN output. Thus, we provide the

following analysis for this experimental observation. The error between [ T ] L α and [ Y ] L α can be represented as a function with

respect to α, i.e., 

e L (α) = [ T ] L α − [ Y ] L α

= 

K ∑ 

j=1 

β j 

1 + exp 

[
−
[
αr j2 + ( 1 − α) r j1 

]] −
[
αy j2 + ( 1 − α) y j1 

]

= 

K ∑ 

j=1 

β j 

1 + exp 

[
−
[
α
(
r j2 − r j1 

)
+ r j1 

]] −
[
α
(
y j2 − y j1 

)
+ y j1 

]
. (51) 

Without loss of generality, we assume that the RWN contains only one hidden layer node and we simplify Eq. (53) as 

e L (α) = 

1 

1 + exp ( −α) 
− α, α ∈ ( 0 , 1 ] . (52) 

We can calculate the derivative of e L ( α) as 

e ′ L (α) = −1 + exp ( −α) + [ exp ( −α) ] 
2 

[ 1 + exp ( −α) ] 
2 

< 0 . (53) 

This indicates that e L ( α) is a decreasing function. In a similar manner, we can obtain e U ( α) = [ T ] U α − [ Y ] U α, which is also a

decreasing function. This is the main reason why the training and testing errors decreased as α increased. 
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6. Conclusions and further work 

In this study, we used RWNs to design the FNR model called FNR RWN , which handles regression problem with fuzzy

inputs and fuzzy outputs represented as TFNs. In FNR RWN , no interaction is required to tune the weights and the biases

of the RWN. The input layer weights and hidden layer biases are selected randomly, and the output layer weights are

calculated analytically based on a new updating rule that minimizes the integrated squared error between the α-cut sets of

the predicted fuzzy outputs and target fuzzy outputs. FNR RWN uses a Riemann integral to approximately solve the integrated

squared error. Our experimental results demonstrate the feasibility and effectiveness of FNR RWN , i.e., FNR RWN is convergent

and it can obtain better regression performance with a simple network architecture, as well as a faster learning speed,

compared with existing FNR models based on BP and RBF networks. 

In our future research, we will address the following five issues. First, we will prove the universal convergence of FNR RWN .

Second, we will theoretically analyze the influence of random initialization on the approximation power of FNR RWN . Third,

we will develop the fuzzy RWNs based on granular computing paradigm [28] and maximum uncertainty [36,37,39,41] .

Fourth, we will find some practical applications for FNR RWN , e.g., image processing [24,44,55] , sentiment analysis for Chinese

text [9–11] , and protein-protein interaction prediction [46,47] . Fifth, we will construct a RWN-based FNR model to handle

more general types of fuzzy data. 
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