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proaches used most widely to model such systems. In this study, we propose the use of
a Random Weight Network (RWN) to develop a FNR model called FNRgwn, Where both
the inputs and outputs are triangular fuzzy numbers. Unlike existing FNR models based on
back-propagation (BP) and radial basis function (RBF) networks, FNRgwn does not require

Se_gvf Zist iterative adjustment of the network weights and biases. Instead, the input layer weights
Fuzzy-in fuzzy-out and hidden layer biases of FNRgwn are selected randomly. The output layer weights for
Fuzzy nonlinear regression FNRrwn are calculated analytically based on a derived updating rule, which aims to min-
Random weight network imize the integrated squared error between «-cut sets that correspond to the predicted
Triangular fuzzy number fuzzy outputs and target fuzzy outputs, respectively. In FNRgwy, the integrated squared

error is solved approximately by Riemann integral theory. The experimental results show
that the proposed FNRgwn method can effectively approximate a fuzzy-in fuzzy-out sys-
tem. FNRrwn obtains better prediction accuracy in a lower computational time compared
with existing FNR models based on BP and RBF networks.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Fuzzy regression analysis is a powerful method for forecasting the fuzzy outputs of an uncertain system. According to
Wang and Tsaur in their study entitled “Insight of A Fuzzy Regression Model”, fuzzy regression can be quite useful in estimating
the relationships among variables where the available data are very limited and imprecise, and variables are interacting in an
uncertain, qualitative, and fuzzy way [40]. During recent decades, fuzzy regression has found many applications in various
areas, such as business management, engineering, economics, sociology, and biological science. Fuzzy regression can be
divided into two categories: fuzzy linear regression (FLR) and fuzzy nonlinear regression (FNR).

FLR was first studied by Tanaka et al. [35] in 1982, who used a fuzzy linear function with crisp inputs, fuzzy outputs, and
fuzzy coefficients to approximate an uncertain system. Subsequently, their FLR model was extended by [35] to handle fuzzy
regression tasks with fuzzy inputs and fuzzy outputs. Improvements were made in two areas: constructing fuzzy linear func-
tions with crisp coefficients [2,7,8,12,20,21] and making fuzzy linear functions with fuzzy coefficients [8,15,30,31,38,42,43,45].
Linear programming and least squares are used widely to solve the crisp or fuzzy coefficients for FLR models. However, for
a crisp-in fuzzy-out or fuzzy-in fuzzy-out system, the relationship between the inputs and outputs is usually nonlinear in
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many applications, i.e., the fuzzy outputs cannot be expressed simply as the weighted sum of the crisp or fuzzy inputs;
thus, a more sophisticated FNR approach is required. Due to their better capacity for approximating nonlinear functions,
feed-forward neural networks are usually employed for constructing complex FNR models.

FNR models based on feed-forward neural networks include the following two categories:

1. Back-propagation (BP) network-based FNR models. In 1992, Ishibuchi and Tanaka [17] proposed an FNR model (FNRgp_[)
that uses two BP networks to fit the upper and lower bounds of interval-valued fuzzy numbers. These two BP networks
with crisp weights and biases are trained using the standard BP algorithm [29]. Both the inputs and outputs of FNRgp_; are
interval-valued fuzzy numbers. In 1993, Ishibuchi and Tanaka proposed another BP network-based FNR model (FNRgp_j;)
[18] that handles the FNR problem using crisp inputs and fuzzy outputs. Unlike FNRpp_, there is only one BP network
in FNRgp_j;. The weights and biases in this BP network are interval-valued fuzzy numbers. In 1995, Ishibuchi et al. [19]
proposed the use of a BP network with triangular fuzzy number (TFN) weights to conduct the fuzzy regression analysis
(FNRgp.j1), where the inputs and outputs are interval-valued fuzzy numbers.

2. Radial basis function (RBF) network-based FNR models. In 2001, Cheng and Lee [6] used an RBF network to design an FNR
model (FNRggr.). In FNRggg.|, the inputs and centers of the input layer nodes are crisp, whereas the outputs and output
layer weights are TFNs. Compared with previous BP network-based FNR models, FNRggr.; obtained a faster convergence
rate. A fuzzified RBF network-based FNR model (FNRggr_;;) was described by Zhang et al. [49] in 2005. In FNRggg;, the
inputs, outputs, centers, deviations, and weights are Left-Right (L-R) fuzzy numbers. FNRggr can serve as a universal
function approximation for any continuous fuzzy function defined on a compact set.

The main problems with these FNR models based on BP and RBF networks include their high training complexity, local
minima, and complex parameter tuning (e.g., learning rate, learning epochs, and stopping criteria). Optimization of the neu-
ral network parameters, e.g., the weights, biases, node centers, and node deviations in FNRgp.;, FNRgp_;, FNRgp_;1, FNRRgE.I,
and FNRggrj, is based on gradient descent approaches where the learning speed is relatively slow. Moreover, the gradient-
based methods may readily converge to a local minimum. In addition, there are no widely accepted methods for determining
the optimal learning rate, learning epochs, and stopping criteria for BP and RBF networks at present. Thus, trial-and-error
methods are often used to select these parameters. These methods require large periods of computational time to establish
BP and RBF network-based FNR models.

Thus, in the present study, we develop a new FNR learning algorithm that is faster with high generalization perfor-
mance, as well as avoiding many of the difficulties that affect the traditional gradient-based FNR models. In contrast to
the conventional training algorithms for BP and RBF networks, Random Weight Networks (RWNs) [3,5,34,51] do not re-
quire iterative adjustments of the network weights and there is no learning parameter to determine. Thus, the training
speed of RWNs can be thousands of times faster than traditional gradient descent algorithms. In addition, the good gen-
eralization capacity of RWNs has been demonstrated in recent studies [3,5,51]. Therefore, we propose a RWN-based FNR
model called FNRgwy in the present study. FNRgrwy is a single hidden layer feed-forward neural network, where the in-
puts and outputs are TFNs. The input layer weights and hidden layer biases of FNRjyy are selected randomly. In order
to analytically calculate the output layer weights, we define a new computational paradigm to minimize the integrated
squared error between «-cut sets that correspond to the predicted fuzzy outputs and target fuzzy outputs. Our simula-
tion results indicate that FNRgywy has better generalization performance as well as requiring less training time compared
with FNRgp_j;; and FNRggp_j;. Overall, our results demonstrate that FNRgyy can effectively approximate a fuzzy-in fuzzy-out
system.

The remainder of this paper is organized as follows. In Section 2, we provide a brief introduction to TFNs. In Section 3,
we describe the BP network and RBF network-based FNR models. The RWN-based FNR model (FNRgyy) is presented in
Section 4. In Section 5, we report experimental comparisons that demonstrate the feasibility and effectiveness of FNRgwn.
Finally, we give our conclusions and suggestions for further research in Section 6.

2. TFNs and their mathematical operations

2.1. Definition of a TFN

Definition 1 [13,23]. A fuzzy number A is defined as a fuzzy set on the domain of real numbers 9%, which satisfies the
following conditions:

1. I xp € N, nalxg) =1, where pa(x) is the membership function of fuzzy set A;
2. Vae(0 1], Ay = {x|x € %, ua(x) > } is a finite closed interval.

The TFN A is the most popular fuzzy number, which is represented by two endpoints a; and as and one peak-point a,
A= (a1, az,a3).

It can be interpreted as a membership function
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Table 1

Data set D where the inputs and outputs of instances are represented by TFNs.
D Fuzzy inputs Fuzzy outputs
D1 Xn = (X, X2, X113) X12 = (X121, X122, X123) ~+ Xip = (X1p1, X1p2, X1p3) Y1 =y, ¥13)
Dy  Xo1 = (X211, X212, X213) X2z = (X221, X222, X223) <+ Xop = (X2p1, X2p2, X2p3) Y2 = (Y21, Y22, ¥23)
Dy Xni = (Xnm,Xn12.Xn13)  Xn2 = (Xn21,XN22.XN23) -+ Xnp = (Xnp1, Xwp2. Xnp3) Y = (UN1, VN2, YN3)
X —aq

G =X=0
a; —
X)=4 a3 —X . 1
Ha(x) 4 <X<as (1)

as —a;
0, X > a3 O X < (g

The a-cut operation on TFN A can generate an «-cut interval
Ay = [a, ay],

where a; = «vay + (1 —«)a; and ay = aa, + (1 — a)as. In this study, we focus on handling the FNR problem on the data set
D, as shown in Table 1, where each instance is represented as a fuzzy vector with D fuzzy inputs (X;1,Xp2, ..., Xyp) and one
fuzzy output Y, and both Xpj(n=1,2,...,N; j=1,2,....D) and Yy are TFNs.

2.2. Mathematical operations using TFNs

Some important operations using TFNs are summarized as follows. Assume that there are two TFNs A = (ay, a,, as) and
B = (b1, by, b3).

- Addition:

A(+)B = (a1, az, a3)(+) (b1, by, b3) = (ar + by, az + by, a3 + bs); (2)
» Subtraction:

A(—)B = (a1, az,a3)(=) (b1, by, b3) = (a1 — b3, a; — by, a3 — by); (3)

« Multiplication by a real number r:

(raj,raz,raz), r=>0 4)
(ras,ray,ra;), r<0’

r(x)A=r(x)(ay.az,a3) = {

« Multiplication of A and B: The multiplication operation of two TFNs can be performed by using their «-cut intervals. The
product A (x) B is a L-R fuzzy number. From above-mentioned analysis, we know that the «-cut intervals of A and B
are

Ay =laay + (1 —a)ay, xay + (1 —a)as]
and
By =[aby + (1 —a)by, aby + (1 — @)bs],
respectively. Then, the product of A, and B is
Aa(x)By = [[aaz + (1 —a)a][abs + (1 — )by ], [@az + (1 — ar)as][abz + (1 — cr)bs]]
= [y + yo + i3, i@ + yiao + yus], @b >0, i=1,2,3,

where y;1 = (a2 —ar)(ba = b1), Y12 = aiby +axby —2a1bq, y 13 = arby, yur = (a2 — a3)(ba — b3), Y2 = azby +azbs -
2asb3, and yy3 = asbs. Let x = y;102 + Yo + 43, we can calculate the left reference function of A (x) B

oo V2t VYA =4z — %) -
2y1 -

Similarly, let x = yy1a? + Yy« + Yy3, We can get the right reference function of A (x) B

0, a1b1 <X< a2b2.

_ _ 2 _
o T VY — 4y (vus X)S

1, ayby < x < asbs.
2yu1 202 3b3
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Then, the membership function of A (x) B can be represented as

B 7 _24 —X
Viz +/Vh — 4vu(vis —%) . @by <x<ab,
2yu ®
~Yu2 = Vi — 41 (vus — %)
2y

From Eq. (5), we know that A (x) B is not a TFN.
- Division of A and B: We also use the «-cut intervals of A and B to determine the membership function of A(+)B which is
a L-R fuzzy number. The quotient of Ay and By is

Hac)p(X) =

,  Gyby <x <asbs

ady + (1 —a)a; aay + (1 —a)as .
Ay (+)By = , , a,bj>0, i=1,23.
« ()8 |:ozbz+(1—a)b3 ab, + (1 —a)b; o=
Let x = Zﬁfm%“)‘”, we can derive the left reference function of A(+)B
2+(1-a)bs
o bsx —a; @ = a
(a2 —ar) + (b3 =by)x” by = by’
Similarly, let x = %, we can get the right reference function of A (+) B
o = bix — as ) <X< ]
(az —as) + (b —=ba)x™ by =~ by’

Then, the membership function of A(+)B can be expressed as

bsx — a; a71<x<a72
a; —ay) + (bs —by)x” b3 ~ b
/’LA(+)B(X) — ( 2 l])) ( 3 2) 3 2 ] (6)
1X —as (172<X<(173
((12 —a3)+ (bl —bz)X’ bz - bl

One can see from Eq. (6) that A(+)B is also not a TFN.

3. FNR analysis

A FNR model attempts to find the functional relationship between fuzzy inputs X1, X,.2, ..., X;p and the fuzzy output Yy,
i.e,, learning an optimal fuzzy function f*(+) that minimizes the total error between the predicted fuzzy outputs and target
fuzzy outputs. This process can be expressed as the following equation:

1Y
fr= arg;nln N SO Kt Xnz. - - Xp) — Yall . (7)

n=1

In Eq. (7), the error between two TFNs A = (ay, ap, az) and B = (by, by, b3) is measured as follows [2,7]:
IA=B|)* = (a1 — b1)* + (a2 — b2)” + (a3 — b3)”. 8)

Neural networks have the capacity to fit complex nonlinear functions, so they are often selected to construct the fuzzy
function f(+) in Eq. (7), where representative methods include BP network-based FNR (FNRgp_;; [19]) and RBF network-based
FNR (FNRggr.; [49]).

1. FNRgp_; is an improved version of FNRgp.;, which uses a fuzzy BP network to handle the FNR problem with TEN in-
puts and TFN outputs. The weights and biases of the fuzzy BP network in FNRppy; are symmetric TFNs. Let W;; =
(Wji1, Wjip, wji3) denote the weight between the ith (1 < i < D) input layer node and the jth (1 < j < K) hidden layer
node, B; = (Bj1, Bj2. Bj3) is the weight between the jth hidden layer node and output layer node, bj = (bj1, bjz. bj3) is
the bias of the jth hidden layer node, and by = (bo1, bo2. bo3) is the bias of output layer node. [A], = [[A]}. [A]H] is the
h-level set of TFN A [19] (i.e., h-cut set, 0 < h < 1). For the nth (1 < n < N) instance in data set D, the input and output
of the jth hidden layer node are

D D D
[Riln =Y Xuila[Wiily + [bjln = |:Z [[Xni]h[Wji]h]L +[bilh. D [[Xni]h[Wji]h]U + [bj]%{} = [[R;1;. [R;1Y] 9)
i1 i1 i1
and

[Hln = g[[R;1n] = g[[R;1}. [R; 1] = [e[[R1;]- g[[R:1]] = [[H 15 [H 17 ] (10)
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respectively, where g(u) is the sigmoid activation function and

_ 1
T 14et
L .
{[[Xni]h[Wji]h] = min { X I Wi Tk, Xl IW I Xl (W31 (X TW510 )
v .
[XailaWjiln] ™ = max {[Xu s IW3lh, [Xui D W3l DXl TWiTE, X T IW51Y )
The predicted output of the fuzzy BP network is

K K K
[Talw = " [H;1alBsla + Lbol, = [Z [H 1B 1] + bolh. 3" [(Hi1al 1] + [bo]g:| = [IT1E. (1Y) (11)

j=1 j=1 Jj=1
where

[[[Hj]h[ﬁj]h]L = min {[Hj]ﬁ[ﬂj]ﬁ, ARG EAHEAR [Hj]‘,{[ﬁj];’}
[[Hj]h[ﬂj]h]u = max {[H; L[ B;1%. (H; 1L L8510, [H 11851 TH; 1Y 18510 )
The error between the predicted outputs and target outputs is measured as

E= S b = B[00 ]+ [ - ] (12)
2 il g wlh = Unlh = ] ]

n=1

; ; 9E  _ JE _ 0 OE _qg DE _g DE _qg 9E _q OE _ OE _ ; ;
By solving equations W = 0, T = 0, By = 0, By = 0, b, 0, 355 0, 3ber 0, and Tbes 0, Ishibuchi et al. [19]

derived updating rules for the weights Wj;, 8; and biases b;, by of the fuzzy BP network.

. FNRggr.; uses a fuzzy RBF network to fit the data set with fuzzy inputs and fuzzy outputs, which are L-R fuzzy numbers.

The membership function of L-R fuzzy number A = (d;, d, d3) is

d, — X .
L 2 , X<dy, a4, >0
ay

Ha(x) = .
R( = 2), XZ&2,53>0
as

5

where L(+) and R(+) are reference functions [49]. From the definition of TFN in Eq. (1), we know that TFN is a L-R fuzzy
number and we introduce FNRggr.;; based on the TFN data set D, as shown in Table 1. The output of the jth (1 <j < K)
hidden layer node in Zhang et al.’s fuzzy RBF network [49] is

d((Xn1, Xa2s - --» Xap), Cj
hj<xn1,xnz,...,xno)=exp{—{( — - ’)H, (13)

gj

where C; = (Cﬂ,Cjz, ...,CjD) is the center of the jth hidden layer node, C;; = (Cjn,Cjiz, €ii3) (1 <i<D)isaTkN, oj is
the deviation of the jth hidden layer node. Note that d((Xm,an, ... XnD)s Cj), o, and hy(X) are real numbers, where

D
2
d(Xa1, Xaz, > Xa0), Gj) = [ > [d (X Gi) | (14)
i=1
The predicted output of the fuzzy RBF network is
K
To = Rj(Xn1. Xn2. ... Xap) Bj: (15)
j=1

1 (Xt Xz X))

where R;(X;1, Xn2. ..., Xpp) = Bj = (Bj1. Bj2. Bj3) is the weight between the jth hidden layer node

and the output layer node. The estimated error of the fuzzy RBF network is measured as

N
b= LG (16)
n=1
In [49], Zhang et al. defined the distance between two TFNs A and B as follows:
d(A,B) = \//0] [I[A]& ~[BLLI” + |IAY - [B]gf]da, (17)
where [[A], [A]§] and [[BI%. [B]Y] are a-cut sets (0 < « < 1) of A and B, respectively. C; = ((¢j11, 12, Gj13)- (Giz1» a2
€i23)s ---» Cp1» €jp2s €jp3)), 0, and B = (Bj1, Bjz. Bj3) are adjustable parameters determined by functions of 0%2” =0

j=12,....K;i=1,2,...,D; 1 =1,2,3), U 0, and 2 _ 0, In FNRRggr.; algorithm, C; is selected randomly from the
9B, do; j

TEN data set and o; is determined using a k-nearest neighbor heuristic.
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4. RWN-based FNR model

In this section, we first introduce a simple and fast training mechanism for a single hidden layer feed-forward neural
network, i.e., RWN. We then present the RWN-based FNR model called FNRgyn.

4.1. RWN

Iterative and time-consuming parameter adjustment is required by the BP and RBF networks proposed in [19,49], which
generates high computational complexity when constructing FNR models. Thus, a non-iterative approach to train neural
networks and the further development of a FNR model based on the trained network would be of practical and theoretical
significance. There are two non-iterative methods for training neural networks by randomization, i.e., RWNs [3-5,34,51] and
a Random Vector Functional-Link Networks (RVFLNs) [1,16,27,32,33,50,54]. RWNs were originally proposed by Schmidt et al.
in [34] and developed further by Cao et al. [3-5,51]. Pao and Takefuji first introduced RVFLNs in [27] and further investiga-
tions of RVFLNs were provided in [1,16,32,33,50]. One of the main differences between RWNs and RVFLNs is that RWNs lack
direct links from input layer nodes to output layer nodes whereas RVFLNs possess direct links. Given the simplicity of the
network architecture employed, we selected RWN to construct our FNR model. For the data set with the crisp input

X1 X1t X122 - XD

X2 X1 X2 -+ X2p
X = =

XN_| XNt XN2 - XND

and crisp output

o
Y2
y=1 .1
LYN
the RWN calculates the output layer weights as follows [3-5,34,51]:
B =Hly, (18)
where Hf is the Moore-Penrose generalized inverse of the hidden layer output matrix
[g(wix1 +b1)  g(waxq+by) - g(wgxq + by)
g(WiXa +b1)  g(waXa +b2) oo g(wigXp + by)
H= . . ) . , (19)
| g(WiXy +b1)  g(Waxy+Dby) - g(WgXy + by)
where g(v) = H]j is sigmoid activation function,
wy ! Wi W1 - Wiy
5 Wi W - Wi
W = =
| Wk Wip Wyp -+ Wgp

are the input layer weights, and
b
by
b= .
by
is the hidden layer bias. w and b in RWNs are considered to be random variables that are selected randomly and indepen-
dently [5].

4.2. FNRpyn
Fig. 1 shows the architecture of the neural network used to construct the RWN-based FNR model called FNRgyy, Where

both the inputs and outputs are TFNs. The input layer weights and hidden layer biases of FNRgyy are random numbers
selected from the interval [0, 1]. The crisp output layer weights need to be determined. Next, we described how to use
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D input-layer nodes K hidden-layer nodes 1 output-layer node

Fig. 1. RWN architecture for constructing FNRgwn. [Ale = [[A]fx, [A]g] is a-cut set of TEN A, 0 < @ < 1).

RWNs to handle the FNR with fuzzy inputs and fuzzy outputs. For the nth (1 < n < N) instance (X,1,Xu2,...,Xpp) in
Table 1, the corresponding input and output of the jth (1 <j < K) hidden layer node are

D D D
Ryj = (Mnji, Taj2. Thjz) = (Z W;iXnit, ijixniL ZWjian) (20)

i=1 i=1 i=1

and

1 1 !
Hnj = (hnjl’ hﬂjz’ h”B) = < >’ v

1+ exp (—rnﬂ) "1+exp (frnjz) "1+exp (*rnj3)

respectively, where the «-cut set of Hy; is

1 1
Hn‘ot= Hn'l&y Hn'g = 5 .
(Hnjla = [[Hujli. [Hoj1] |:1 +exp[—[arp + (1 —a)rj]] 1+exp[—[ar + (1 —a)rnj3]]:| (22)

Eq. (22) can be derived as follows. After TFN Ry; is activated by the sigmoid function, the membership degree function of
Hnj is

In(%;) — 1
(1—x) njl i 1 <x< 1
Tnj2 = Tnji exp (—Taj1) exp (—Tnj2)
js — In( %
e, (%) = § 22 (H), ! <x< ! : (23)
Tnj3 = Tnja exp (—Tnj2) exp (—Tnj3)
1
0, X<——— O X> —————
exp (—Tnj1) exp (—Tnj3)
X V.
where In(+) is the natural logarithm function. Let % = a. The lower bound of the a-cut set of Hy; can be solved as
x=[Hylk = L (24)
YT 1 rexp [~[arnp + (1= )]
i X
Similarly, we can obtain the upper bound of the «-cut set of Hy; from % =«
U 1
X = [Hnj]a = (25)

1+ exp [—[am + (1 - a)ms]]

Then, we can calculate the a-cut set for the predicted output of the RWN corresponding to the fuzzy input (X;;1, Xs2, .., Xnp)

K K
[Th]e = [[Tn]é [Tn]g] = |:Z ﬂj[Hnj]év Zﬂj[Hnj]g:|s Bj > 0 for any j. (26)

j=1 j=1

It should be noted that 8; is unknown and it needs to be determined. We assume that 8; > 0 (j=1,2,...,K) and we use
this assumption as a heuristic to derive the updating rule for the output layer weights S.
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For a given «, the estimated error between the predicted output [T,], and target output [Y,], can be measured as

K 2 K 2
en(a) = ||[TTI]O( - [Yn]OlHZ = [Zﬂj[Hnj]é - [Yn]l&:| + [Zﬂj[Hnj]g - [Yn]g:| . (27)

j=1 j=1

From the perspective of the membership degree function, the estimated error on Dy is
1 1
E= [ entendo = [Tyl — Wala | der. (28)
Then, the estimated errors on the data set D that correspond to a given « and « < (0, 1] are
N
2 2
e(@) =Y ex(@) = |H,B - Yi|" + |HIB - VY| (29)
n=1

and

n=1

N N 1 5 1 N ,
EZZEn =§/0 ||[Tn]a —[Yn]a” do :/(; |:§ ”[Tn]a —[Yn]a” ]da

> 30
] o 2 (30)
— [ |t - e+ [ [P - vY | da

0 0

respectively, where

[[Hnle [Hole -+ [Hile]
. [Hal, [Hal, - [Hxls
HY =

_[HNlll& [Hyvlh - [Hni s |

is called the lower bound matrix of the hidden layer output,

[[Huly  [Helo - [Hily
[Hnlo  [Hznlo - [Hx]o
HY =
o
L[Hwlo  [Hwly - [HwlY

is the upper bound matrix of the hidden layer output,

naa

vl — [YZ]é

o
nas
is the lower bound vector of the target output, and
nar

u
Yg _ [YZ.]Ot

o
is the upper bound vector of the target output. FNRgwy selects the 8 that minimizes the overall estimated error in Eq. (30).
However, it is difficult to derive the updating rule for 8 directly from Eq. (30) through the first derivative of E with respect
to B, i.e., solving B from g—g =0.

Thus, we use the following method to approximately calculate the hidden layer weight of FNRgwy. We assume that there
are M a-cut points: O =g <y <y <--- <oy =1and om — g = ﬁ m=1,2,..., M. The estimated error on the data
set D with respect to these M «-cut points can be calculated as

E = 1 33 - 3 HE Byt |*+ |HY g—vU |? 31
2 2 U am Um am .
M Z Ze"(am) M Zl H '3 “ + ” 'B ” 1)

m=1n=1
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t ‘% =0, the we can obtain

If we le

1< Tqw
B= {M Z; [HL,, +Hgm]} {M Z; [Yh, +ng]} (32)

According to the definition of a Riemann integral, when % — 0, we can derive

I 1
Jim Mm; [HE, +HY | = /0 (HIG, + HY ) dor (33)
and
3 1 u L U ! L U
I&T;M; [V5, + Y5 ] :fo (Y5 + YY) da. (34)

By substituting Eqs. (33) and (34) for the corresponding terms in Eq. (32), the output layer weight S of FNRgywyn can be
expressed as

B = [/01 (i +Hg)da”/01 (v +Yg)da] (35)

where
[Jo [Hnlgde [y [Hplyda - [y [HiclhdaT]
1 N Ho 1L do NHplbda - ! [ Hok L da
/ H@da _ fO [ 2‘1]a fO [ 2.2](1 fO [ Z‘K]a (36)
0 : : :
1 L 1 L -1 L
Lfo [Hulgde g [Hwlgda -+ [y [Hyklgde
is the definite integral of the lower bound matrix HL,
o [Hnllda [} [Hpllda - [ [Hix]da]
1 ! [Hy Vda '[HypYda - ! [Hox Vda
/ B dor Jol 2‘1]a bl Z'Z]a Jo [Haklg 37)
0 : .
Ljo [Hwlode [y [Holgde - [ [Hyk]Yda
is the definite integral of the upper bound matrix HY,
[ Jo [Y1]hdo 3 +¥12)
1 ! Vs 1b da 3 +
/ YL dor = Jo Y21, _ 3 (V21 +¥22) (38)
0 : :
/o [YwlLdo 3 (N1 +Yn2)
is the definite integral to the lower bound vector YL, and
Jo [Y1lyda Tz +Y13)
1 LYY do 1 +
/ YW = Jo [V2ly _ | 202 +y) (39)
0 : .
3 [YwlYda 3 (VN2 +Yn3)
is the definite integral to the upper bound vector YY.
The term [, [Hylhde in f) Hida can be calculated as
1 [ ]L 1 1
Hyil, da =/ do
fo e o T+exp[—[arp+ (1 —a)r]]
1 1 e[ =rz] - (40)

B (ran — rnﬂ)a + T'n]'l + In[l =+ eXp[—[(Tnjz — rnﬂ)a =+ Tnj1]]] 14
B Tnj2 — T'nj1 B Tnj2 — T'nj1

1+exp[—raji |
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Similarly, the term [J [Hy]Yda in f) HYdw is calculated as

1+exp[—rap2 |

1
T+exp| —ryj
/ [Hullda =1+ el (41)
0 Tnj2 — Tnj3
Thus, the output layer weight 8 of FNRgyyn can be represented as
%J/n +Yi2 + %J/B
1 Ty + 1
21 + Y22 + 5Y23
p= [/0 (mg +Hg)da} 2 2T (42)
%J/m +Yn2 + %}’m
Let H = [y (HE +HY)do and
%J/u + Y12 + %J’B
%J/m +Yo + %J’23
Y = ] .
1 ’ 1
3YN1 +YN2 + 3YN3
where
- 1+exp E—er)) 1+exp E—ruzg l+exp§—r”{2; n
1+exp (—rqqq 1+exp (-rypq . 1+exp (—rigq
T+ Ti2—Tm T+ T22—T121 T+ Tk2—T1K1
1 n :+exp ((—rzug :+exp E—szg :+exP E—Qm;
+exp (~1o1 +exp (~1221 L. +exp (—rKq
/ Hédo{ = 1+ 21212 T+ T222—T21 T+ Tak2—T2K1 (43)
0
1+exp E—rNu)) 1+exp (("sz)) 1+exp E—rNKzg
1+exp (—ry1q 1+exp (-ryp1 . 1+exp (~rygq
_1 + 'N12—TN11 T+ 'N22—TN21 T+ 'n2—Tnk1
and
r 1+exp E—r“zg 1+exp E—ruZ; 1+exp E—rlKZ; T
1+exp (-rq13 1+exp (—ryp3 . 1+exp (—rg3
T+ Mi2—Tns3 I+ T22—T123 ’ T+ Tk2—T1K3
1 :+exp 5—1’212; :+exp g—rzzzg :+exp 2—1’2,(2;
+exp (—r713 +exp (—rpp3 +exp (—rk3
/ Hgda = 1+ 2121213 T+ 222—1223 o 1+ T2k2—T2K3 . (44)
0
It 1+exp (<y12) 1+exp (<ng2) n1+exp (-"nk2)
1+ ‘r“XFL(;fNB) 1+ ;*Expj;erz) 14+ ;*efo;’NK3>
L N12—TN13 N22—TN23 NK2 —TNK3 .

HLxK denotes the Moore-Penrose generalized inverse of the matrix H = f01 (H(Lx + Hg)da. FNRgwn uses the orthogonal pro-

jection method to calculate HLX Kk as

- (H™H + Clgy) 'HT, ifN>K (45)
T HTHHT + Cly.w) ', ifN<K’

where C > 0 is a regularization factor and I is the identity matrix. According to ridge regression theory [14], the role of C is
to reduce the likelihood that HTH or HH' becomes a singular matrix.

Thus, we have derived the updating formula for the output layer weight of RWN in our fuzzy regression model FNRgyn-
For an unseen fuzzy vector

(X1, X2, ..., Xp) = ((X11, X12, X13), (X21, X22, X23), - . ., (XD1, XD2, XD3)),
the a-cut set of the predicted fuzzy output with FNRgyy can be calculated as

(Tle = [[[Hils: [Hi]g ] [[Hele. [Hale]. - - [[HkG- [HkID] ] 8- (46)
where
1 1

i 47
1+exp [—[ozrjz +(1 —oz)rj]]] 14 exp [—[Otrjz +(1 —Ol)rﬁ]] o

[[Hs. [Hj1Y] =
and

D D D
(rﬂ, Tj2s rj3) = ZWjiXm ZWjixiZs ZWjixiB (48)
o1 iz iz
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Table 2

Details of the 12 data sets.
Data set Number of inputs ~ Number of instances  Source
Concrete compressive strength 8 1030 KEEL
Daily Electricity Energy (DEE) 6 365 KEEL
Electrical-maintenance (Ele-2) 4 1056 KEEL
Energy efficiency 8 768 ucl
Friedman 5 1200 KEEL
Housing 14 506 ucl
Laser generated 4 993 KEEL
Mortgage 15 1049 KEEL
Stock prices 9 950 KEEL
Treasury 15 1049 KEEL
Weather Ankara 9 1609 KEEL
Weather Izmir 9 1461 KEEL

for any j e {1,2,...,K}. It should be noted that 8 in Eq. (46) is derived based on the assumption that 8; > 0, j=1,2,...,K.
In fact, the true calculation of B should always include the negative component, i.e., 3j € {1,2,....K}, B; < 0, which will
lead to [T]% > [T]Y. In this case, we refer to the study by Ishibuchi et al. [19] and use the following heuristics to adjust the
predicted fuzzy output:

K K K K
[Tle =min 3> [H;168, Y [Hjl9B; ¢ and [T]y =max 1> [H;l;B;. Y [H;lLB;

j=1 j=1 j=1 j=1

5. Experimental comparisons

In this section, we compare the regression performance of FNRgwy With two existing FNR models, i.e., BP network-based
FNR (FNRgp_; [19]) and RBF network-based FNR (FNRggr.;; [49]). FNRgp_j;, FNRRpr.;;, and FNRgwn were implemented on a
Thinkpad SL410K PC with Windows 8 running on a Pentium Dual-core T4400 2.20 GHz processor with 4 GB RAM. In our
experiments, the estimated errors corresponding to a given « and whole interval (0, 1] were measured with Egs. (29) and
(31), respectively. In order to measure the overall error on interval (0, 1], we set o from 0.0001 to 1 with a step of 0.0001.

5.1. Fuzzification of crisp numbers

In previous studies, the dimensions of the fuzzy input data used in experimental comparisons were usually low, e.g.,
a one-dimensional fuzzy input for FNRgp;; [19] and a two-dimensional fuzzy input for FNRggr [49]. These types of data
sets are insufficient to validate the approximation capacity of neural network-based fuzzy regression models to establish the
nonlinear relationship between fuzzy inputs and fuzzy outputs. Therefore, in this study, we selected 2 UCI' and 10 KEEL?
regression data sets containing at least four inputs to compare the performance of FNRgp_j;, FNRggr.;, and FNRgwn. The
details of these 12 data sets are summarized in Table 2.

However, the inputs and one crisp output of these data sets are all crisp; thus, we give a new fuzzification method to
transform the crisp number into TEN in this section. Assume that there is a real number data set

my
my
Dataje, = s
| MN

m; € W, i=1,2,...,N. The objective of our fuzzification method is to obtain a TFN data set
[ (L, my, )

(b, my,17)
Dataren = . .

L (In, my, TN)
where (I;, m;, r;) is a TEN, and [; and r; are the left and right endpoints of the TFN, respectively. For simplicity, we assume
that m; < my < -+ < my and Data,., obey a normal distribution of

1 1/m—pu\?
JszeXp[‘z( o )} (49)

1 http://archive.ics.uci.edu/ml/datasets.html
2 http://sci2s.ugr.es/keel/datasets.php

p(m) =


http://archive.ics.uci.edu/ml/datasets.html
http://sci2s.ugr.es/keel/datasets.php
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Fig. 2. Explanation of Eq. (50): I; and r; are two endpoints that make the squares of I-l;-m;-m; and m-m;-r;-r/ equal.
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Fig. 3. Impact of p on fuzzification, where Data,., = {—2.306, —1.535, —1.374, —1.345, —1.209, —0.909, —0.839, —0.406, —0.209, 0.020, 0.033, 0.221, 0.376,
0.391, 0.756, 1.320, 1.381, 1.482, 1.789, 1.870}.

Eym 2 _ X (mimp)? i i
where pu = =5— and 0* = ==Log—= are the mean value and variance of Data,, respectively. l; and r; can be deter-
mined by the following expression:

P{li <m<m}=Pm <m<r}=p, (50)

where p is a pre-defined parameter. A direct explanation of Eq. (50) is given in Fig. 2, which shows that I; and r; are two
endpoints that make the squares of I-l;-m;-m; and mj-m;-r;-r] equal. p usually affects the fuzzification on m;. We provide
a specific example to demonstrate this impact. We randomly generated 10 real numbers that followed a standard normal
distribution and we then used three different p values (i.e., 0.01, 0.05 and 0.1) to conduct fuzzification. The TFNs obtained
are presented in Fig. 3, which indicates that as p increases, the distance between [; and r; becomes larger. In addition, a
higher value of p increases the possibility that different values of m; have the same [; or r;, which is shown clearly in the
third plot in Fig. 3. Thus, we decided to select a smaller p for use in applications. In this study, we let p = 0.05. For a given
data set, the crisp inputs and outputs were first normalized on the interval [-1, 1] and then fuzzified using the approach
described above.

5.2. Impacts of the regularization factor C and the number of hidden layer nodes K on the performance of FNRgyy

Our proposed FNRgrwyn method has two parameters that need to be determined by users, i.e.,, C in Eq. (45) and the
number of hidden layer nodes K in the RWN. Using the DEE, Housing, Mortgage, and Treasury data sets, we tested the overall
training and testing errors for FNRgwy With respect to 400 different pairs of (C, K), where C = {2‘9, 278 .. 29 210}
and K = {10, . 20, ..., 190, .200}. The input layer weights and hidden layer biases of FNRgwy were initialized with random
numbers from a uniform distribution over the interval [0, 1]. For any given parameter pair of (C, K), the estimated error was
obtained based on a 10-times 10-fold cross-validation procedure [22,25,26,48,52,53]. Fig. 4 shows the influence of different
user-specified parameters on the regression performance with FNRgwy. In order to more clearly illustrate the variations in
the estimated errors with changes in C and K, Fig. 5 shows the two-dimensional learning curves for FNRgyy on the Energy,
Stock, Weather Ankara, and Weather Izmir data sets. This figure shows that: (1) as K increases, the training and testing errors
of FNRgwy gradually decrease; and (2) a smaller value for C usually leads to a lower estimated error and a faster convergence
speed. The first observation demonstrates that our proposed FNRrwyn method is convergent, i.e., when K — +oo, E — 0 for
any given C. This indicates that FNRgwy has a good approximation capability. The second observation provides a primary
parameter selection criterion for the regularization factor C in applications, i.e., a small C is more favorable. In addition, our
proposed FNRgywn method effectively controls the over-fitting, i.e., the training and testing errors all decrease as the number
of hidden layer nodes increases.
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Fig. 4. Impact of parameter pair (C, K) on the training and testing errors of FNRgwn using four representative data sets. The initialization interval for
random weights and biases was [0, 1].
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Fig. 5. Convergence of FNRgwy with changes in the parameters C and K using four representative data sets. The initialization interval for the random
weights and biases was [0, 1].
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Fig. 6. Impact of different initialization intervals on the training and testing errors of FNRrwn using four representative data sets.

5.3. Impacts of different initialization intervals on the performance of FNRgyn

In this experiment, we tested the impact of different initialization intervals on the overall training and testing errors of
FNRgwn. The initialization interval in this experiment was [0, Upper endpoint], where Upper endpoint = {1, 2, ..., 19, 20}.
Thus, the input layer weights and hidden layer biases of FNRgywy were random numbers that followed a uniform distribution
over the interval [0, Upper endpoint]. The regularization factors on the DEE, Housing, Mortgage, and Treasury data sets were
all C =29. Fig. 6 shows the training and testing errors corresponding to 400 different pairs of (Upper endpoint, K), where
K = {10, . 20, ..., 190, .200}. In order to more clearly illustrate the variations in the estimated errors with changes in the
upper endpoint of the initialization interval, Fig. 7 shows the two-dimensional learning curves for FNRgwn on the Energy,
Stock, Weather Ankara, and Weather Izmir data sets. This figure shows that the training and testing errors of FNRgwy grad-
ually increase as the width of the initialization interval increases. A smaller initialization interval, i.e., [0, 1], leads to lower
training and testing errors. In addition, the initialization intervals with a smaller width make the predictions more stable
with FNRgrwn, €.g., the black lines in Fig. 7 are smoother.

5.4. Comparisons of FNRgp.;, FNRggr.;, and FNRgyy

We compared the training errors, testing errors, training times, and testing times with FNRgp_j;, FNRggr.;, and FNRgwy
using different values for «, i.e., « = 0.1, 0.3, 0.5, 0.7, and 0.9, respectively. A 10-times 10-fold cross-validation procedure
was also used in this experimental comparison. The experimental parameters were set as follows.

1. For the BP network in FNRgp_j;, the input layer weights, hidden layer biases, and output layer weights were initialized
with random numbers that followed a uniform distribution over the interval [0, 1], where the number of hidden layer
nodes was 100, the maximum iteration number was 1000, the learning constant was 0.01, the momentum constant was
0.9, and the training error threshold was 0.001.

2. For the RBF network in FNRggr.j;, the center of the RBF was selected randomly for training the TFN inputs, where the
output layer weights were initialized with random numbers that followed a uniform distribution over the interval [0, 1],
the number of hidden layer nodes was 100, the maximum epoch number was 1000, and the learning constant was 0.01.

3. For the RWN in FNRgyy, we set the regularization factor as C =279 and the initialization interval was [0, 1] based on
the experimental results described in Sections 5.2 and 5.3. The number of hidden layer nodes in the RWN was K = 10.

Table 3 and 4 compare the results obtained in terms of the errors and times, respectively. These experimental results
shows that FNRgyy clearly obtained smaller training and testing errors on the 10 data sets for given values of C =279 and
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Table 3
Training and testing errors (mean x 10-2 + standard deviation x 10~2) for FNRgp.jj;, FNRggg.j;, and FNRgwn.
FNRgp.mm FNRggr.i FNRrwn
a=0.1 a=03 a=05 a=07 a=0.9 a=0.1 a=03 a=05 a=07 a=09 a=0.1 a=03 a=05 a=07 a=09
Training 1 16.74 + 039 11.03 + 0.10 1062 + 0.17 891 + 0.05 14.26 + 0.02 9.10 + 0.00 826 + 0.00 755 + 0.00 6.96 + 0.00 6.50 + 0.00 739 + 0.53 528 + 0.26 4.13 + 0.08 3.30 + 0.06 2.83 + 0.06
error 2 12.66 + 015 847 + 004 6.86 + 013 9.70 + 0.06 11.80 + 0.05 4.62 + 0.00 4.11 + 0.00 3.70 = 0.00 3.39 + 0.00 3.18 £+ 0.00 3.63 + 0.07 2.84 + 0.03 2.30 + 0.01 190 + 0.01 165 + 0.02
3 1110 £ 0.04 703 + 015 480 + 013 565 + 013 942 + 034 229 + 000 218 + 0.00 2.11 + 0.00 2.09 + 0.00 212 + 0.00 0.74 + 0.02 0.34 + 0.01 0.17 + 0.00 0.09 + 0.00 0.08 + 0.00
4 17.85 + 110 1035 + 118 784 + 0.63 1144 + 023 1452 + 0.81 3.60 + 0.00 2.96 + 0.00 244 + 0.00 2.04 + 0.00 176 + 0.00 12.97 + 3.12 8.41 + 140 413 + 0.61 2.34 + 0.25 141 + 0.05
5 19.19 + 0.03 13.30 + 0.01 1249 + 0.01 15.23 + 0.05 2527 + 0.01 5.13 + 0.00 4.60 + 0.00 4.17 + 0.00 3.83 + 0.00 3.60 + 0.00 4.17 + 0.07 3.8 + 0.03 2.49 + 0.04 2.03 + 0.04 177 + 0.04
6 12.86 + 017 9.0 + 026 791 + 052 630 + 013 11.07 + 0.29 521 + 0.00 4.83 + 0.00 4.52 + 0.00 431 + 0.00 4.18 + 0.00 8.20 + 0.50 6.13 + 0.26 4.81 + 0.20 3.86 + 0.18 3.39 + 0.25
7 888 + 0.74 6.09 + 020 5.69 + 0.06 4.07 + 0.06 836 + 0.02 540 + 0.00 504 + 0.00 4.75 + 0.00 453 + 0.00 439 + 0.00 449 + 054 261 + 031 163 + 010 102 + 0.04 0.75 + 0.05
8 3,52 + 020 248 + 017 2.03 + 0.05 153 + 013 319 + 065 0.78 + 0.00 0.74 + 0.00 0.71 + 0.00 0.70 + 0.00 0.71 + 0.00 6.15 + 0.62 3.73 + 0.22 2.09 + 0.22 108 + 0.12 0.74 + 0.05
9 690 + 0.75 589 + 072 513 + 0.85 5.08 + 0.67 732 + 022 445 + 0.00 411 + 0.00 3.85 + 0.00 3.68 + 0.00 3.60 + 0.00 8.14 + 0.53 537 + 0.26 3.65 + 0.16 2.81 + 0.13 235 + 0.14
10 477 = 019 291 + 001 253 + 008 281 + 016 3.28 + 0.05 0.54 + 0.00 0.52 + 0.00 0.52 + 0.00 0.53 + 0.00 0.56 + 0.00 4.67 + 037 3.01 + 042 183 + 022 105 + 013 0.71 + 0.11
1 1078 + 112 698 + 117 630 + 043 682 + 041 636 + 0.21 333 + 0.00 3.12 + 0.00 2.96 + 0.00 2.83 + 0.00 2.74 + 0.00 2.55 + 0.25 153 + 019 1.08 + 0.13 0.80 + 0.09 0.63 + 0.07
12 9.08 + 0.84 6.83 + 042 545 + 097 516 + 010 582 + 0.62 412 + 0.00 3.83 + 0.00 3.59 + 0.00 3.41 + 0.00 3.28 + 0.00 1.88 + 0.19 123 + 0.23 0.80 + 0.06 0.55 + 0.07 0.47 + 0.06
Testing 1 2157 +£ 020 1232 + 010 11.69 + 010 9.97 + 0.00 16.56 + 0.09 9.30 + 0.02 843 + 0.02 769 + 0.01 708 + 0.01 659 + 0.01 769 + 052 551 + 0.27 436 + 012 343 + 011 294 + 0.09
error 2 18.88 + 0.25 1228 + 018 9.34 + 0.16 1470 + 011 13.60 + 0.15 4.87 + 0.02 430 + 0.03 3.86 + 0.01 3.51 + 0.02 3.28 + 0.02 411 + 021 3.23 + 012 258 + 0.08 215 + 0.03 185 + 0.05
3 1220 + 016 925 + 012 6.01 £ 0.07 6.70 + 006 9.36 + 0.23 234 + 0.00 222 + 0.01 214 + 0.00 212 + 0.00 2.15 + 0.01 0.80 + 0.03 0.37 + 0.02 0.18 + 0.01 0.10 + 0.00 0.08 + 0.01
4 19.64 + 011 12.68 + 030 8.51 + 012 1332 + 014 1590 + 0.32 3.82 + 0.01 3.13 + 0.02 257 + 0.01 214 + 0.01 184 + 0.01 13.29 + 246 881 + 1.74 422 + 0.64 239 + 0.24 146 + 0.05
5 2414 + 0.06 14.58 + 0.05 14.62 + 0.01 16.56 + 0.03 2719 + 0.01 5.33 + 0.01 4.76 + 0.01 428 + 0.01 391 + 0.01 3.65 + 0.01 428 + 015 3.23 + 0.09 2.53 + 0.05 2.07 + 0.05 178 + 0.06
6 1499 + 021 10.12 + 0.13 1096 + 027 913 + 0.86 2049 + 0.36 572 + 0.06 5.25 + 0.06 4.94 + 0.03 4.67 + 0.03 4.55 + 0.08 857 + 0.68 6.31 + 0.32 5.07 + 035 4.04 + 0.20 3.54 + 0.31
7 1016 + 021 616 + 019 617 + 019 6.39 + 023 8.85 + 019 544 + 0.01 507 + 0.01 478 + 0.01 455 + 0.01 441 + 0.01 455 + 045 2.65 + 034 171 + 012 109 + 0.07 0.79 + 0.04
8 362 + 137 269 + 040 2.04 + 0.06 160 + 024 333 + 047 0.81 + 0.00 0.76 + 0.00 0.73 + 0.00 0.71 + 0.00 0.72 + 0.00 6.37 + 0.78 3.84 + 019 216 + 0.26 109 + 0.15 0.76 + 0.07
9 8.04 £ 060 599 + 0.00 592 + 0.16 4.87 +£ 010 792 + 0.15 4.53 + 0.01 418 +£ 0.01 391 +£ 0.01 3.74 £ 0.01 3.65 + 0.01 838 + 050 532 + 0.38 3.74 =+ 015 2.86 + 0.14 242 + 0.8
10 475 + 017 3.06 + 045 257 +£ 010 281 + 016 3.54 + 0.11 0.55 + 0.00 0.53 + 0.00 0.53 + 0.00 0.54 + 0.00 0.57 + 0.00 4.58 + 046 3.11 + 043 181 + 0.24 1.07 + 014 0.71 + 0.10
1 15.19 + 0.38 10.80 + 2.55 1040 + 042 1342 + 846 10.26 + 192 3.59 + 0.02 3.33 + 0.02 3.12 + 0.02 295 + 0.01 2.83 + 0.01 268 + 026 173 + 031 123 + 0.17 088 + 0.15 0.67 + 0.07
12 1087 + 336 818 + 119 6.06 + 2.01 513 + 013 703 + 0.76 4.16 + 0.00 3.87 + 0.00 3.62 + 0.00 3.43 + 0.00 3.30 + 0.00 195 + 026 125 + 0.27 0.82 + 0.06 0.57 + 0.07 0.48 + 0.06
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Table 4

Training and testing times (seconds) for FNRgp.j;;, FNRggp.j;, and FNRgrwn.

FNRgp-i11 FNRggr.1 FNRrwn
a =01 a=03 a=05 a=0.7 a=09 a =01 a=03 a=05 a=07 a=09 a=0.1 a=03 a=05 a=07 a=09
Training time 1 72.44531 69.48438 67.57813 66.12500 66.89063 1.51969 1.53391 1.49234 1.53563 1.54625 0.12984 0.12250 0.12609 0.14594 0.13734
2 50.07813 48.99219 48.14063 46.70313 47.09375 0.28844  0.28922 0.27797 0.27531 0.27297 0.01594 0.01609 0.01578 0.01609 0.01578
3 66.07031 66.27344 65.42188 66.07031 65.82813 1.21719 1.21234 1.21203 1.21313 1.21109 0.14047 0.14438 0.14516 0.14516 0.14266
4 60.70313 59.89844 57.05469 56.82031 57.17969 0.90844  0.98531 1.04906 1.03594 1.05672 0.08437 0.07531 0.07125 0.07750 0.08594
5 67.52344  67.53906 67.43750 67.96875 68.98438 2.16406 233344  2.56125 2.39687 2.27250 0.09094 0.09094 0.09016 0.10594 0.10422
6 49.77344  49.04688  49.38281 49.20313 50.00000  0.67125 0.58688 0.61641 0.68344  0.68031 0.01781 0.01547 0.01531 0.01906 0.01688
7 66.07031 65.18750 63.96875 64.64063 63.67188 1.28766 1.28875 1.28609 1.30625 1.29391 0.05281 0.05234 0.05328 0.05172 0.05078
8 69.52344  66.29688 68.01563 65.19531 66.25000 2.17266 213844 2.19078 2.18438 219375 0.05922 0.05922 0.05891 0.06125 0.06062
9 64.14063 62.28906  62.34375 62.23438 62.12500 1.59484  1.71203 1.77031 1.56969 1.66031 0.04453 0.04016 0.04281 0.04328 0.04266
10 69.24219 67.17188 63.95313 65.75000  67.05469 2.53672 2.39125 2.13406 2.14063 2.13797 0.06719 0.06828 0.07031 0.06453 0.06922
1 48.02344  47.10938 47.21875 44.95313 45.88281 0.26359 0.26266  0.26063 0.26437 0.31047 0.00719 0.00797 0.00703 0.00656  0.00672
12 90.67969 85.08594  84.23438 82.06250 82.85938 3.42797 3.34719 3.36016 3.32969 3.38891 0.14766 0.14328 0.15594 0.18078 0.14219
Testing time 1 0.07813 0.06250 0.03125 0.06250 0.04688 0.16813 0.16531 0.15891 0.16563 0.16422 0.00125 0.00219 0.00109 0.00156 0.00172
2 0.03906 0.03125 0.03906 0.03125 0.05469 0.03203 0.04625 0.04375 0.04234  0.04250  0.00078 0.00047 0.00063  0.00063  0.00063
3 0.04688 0.05469 0.03906 0.04688 0.07031 0.12984 0.12984 0.12906 0.12750 0.13094 0.00203 0.00172 0.00141 0.00266  0.00203
4 0.0625 0.03125 0.03125 0.04688 0.03125 0.09703 0.10906 0.11234 0.10750 0.11719 0.00172 0.00109 0.00109 0.00125 0.00125
5 0.03125 0.04688 0.03125 0.0625 0.03125 0.23344  0.24859 0.26828 0.25250 0.24188 0.00156 0.00125 0.00172 0.00234  0.00281
6 0.02344 0.03125 0.04688 0.03125 0.04688 0.06562 0.05828 0.05891 0.06688  0.06406  0.00063  0.00047 0.00063  0.00031 0.00031
7 0.05469 0.06250 0.03125 0.06250 0.04688 0.13594 0.13578 0.13719 0.14016 0.13656 0.00109 0.00141 0.00109 0.00078 0.00094
8 0.05469 0.03906 0.05469 0.03125 0.03125 0.22906  0.23109 0.23328 0.23563 023266  0.00125 0.00156 0.00094  0.00172 0.00094
9 0.04688 0.03906 0.03906 0.03125 0.03125 0.16672 0.18156 0.18500 0.16703 0.17047 0.00094 0.00063  0.00094  0.00078 0.00125
10 0.05469 0.03906 0.02344 0.05469 0.03906 0.26656  0.25156 0.22859 0.22922 0.22969 0.00125 0.00078 0.00078 0.00063  0.00109
11 0.03906 0.03125 0.03125 0.03125 0.03125 0.02688  0.02688 0.02719 0.0275 0.03313 0.00031 0.00047 0.00031 0.00031 0.00047
12 0.05469 0.03125 0.03906 0.03125 0.07813 0.36641 0.35859 0.35891 0.35547 0.36188 0.00203 0.00203 0.00266  0.00172 0.00188
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Fig. 7. Convergence of FNRgwn With changes in the parameters of the upper endpoint and K using four representative data sets. The regularization factor
was C = 2°.

K = 10. In addition, FNRgyy could learn thousands of times faster than FNRgp_;; and hundreds of times faster than FNRgg.j;.
This indicates that our proposed FNRgwy method is effective and efficient. According to these experimental results, we
can summarize the advantages of FNRgywy as follows: a simpler network architecture (only 10 hidden layer nodes), fewer
learning parameters (C and K), faster training speed (less than 1 s), and better forecasting performance (smaller training and
testing errors).

In addition, we found that FNRgyn obtained better fits to the larger «a-cut set of the TEN output. Thus, we provide the
following analysis for this experimental observation. The error between [T]% and [Y]L can be represented as a function with
respect to «, i.e.,

er(a) = [Tl - [Y],

K
Bi
= -+ (A —a)yj
; 1+exp[-[arp + (1 —a)rj]] [, ! ] (51)
K ﬁ
J
= — 1@V —Yj1) TV
= T+exp[—[a(rp—r) +11]] [0 =) +91]
Without loss of generality, we assume that the RWN contains only one hidden layer node and we simplify Eq. (53) as
1
BL(Ol) = m -, 0 € (0, 1] (52)
We can calculate the derivative of e;(«) as
2
() — 1 HEPC@ lexp )l (53)

[1+exp (—a)]?

This indicates that e;(«) is a decreasing function. In a similar manner, we can obtain ey(a) = [T]Y — [Y]Y, which is also a
decreasing function. This is the main reason why the training and testing errors decreased as « increased.
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6. Conclusions and further work

In this study, we used RWNs to design the FNR model called FNRgwyn, Which handles regression problem with fuzzy
inputs and fuzzy outputs represented as TFNs. In FNRgrwy, No interaction is required to tune the weights and the biases
of the RWN. The input layer weights and hidden layer biases are selected randomly, and the output layer weights are
calculated analytically based on a new updating rule that minimizes the integrated squared error between the a-cut sets of
the predicted fuzzy outputs and target fuzzy outputs. FNRgyy uses a Riemann integral to approximately solve the integrated
squared error. Our experimental results demonstrate the feasibility and effectiveness of FNRgwny, i.e., FNRryy IS convergent
and it can obtain better regression performance with a simple network architecture, as well as a faster learning speed,
compared with existing FNR models based on BP and RBF networks.

In our future research, we will address the following five issues. First, we will prove the universal convergence of FNRgyn.
Second, we will theoretically analyze the influence of random initialization on the approximation power of FNRgwy. Third,
we will develop the fuzzy RWNs based on granular computing paradigm [28] and maximum uncertainty [36,37,39,41].
Fourth, we will find some practical applications for FNRgwn, €.g., image processing [24,44,55], sentiment analysis for Chinese
text [9-11], and protein-protein interaction prediction [46,47]. Fifth, we will construct a RWN-based FNR model to handle
more general types of fuzzy data.
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